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PREFACE. 



TH E delign of this fhort treatife, is to rcducd 
the principal parts of the extenlive fcieocc 
6f Mathematics into lb narrow a compals as to 
contain no more than what is abfolutely neceflkrv 
to be known, with refpeA to pradtice in the dir» 
ferent ufeful arts of life, to which mathematical 
I knowledge may conveniently be applied; and 
ca^iereby fave both time and expence, as well as 
{^prevent that difguft occafioned to many ftudents^ 
from a tedious round of intricate, and at the fame 
^time ufclefs, fpeculations. 

jj If we confider the creat number of books in 
>ihe various branches of Mathematics, which, ac* 
^ cording to the common courfe of inftrudtion, a 
beginner is obliged to learn, before he can arrive 
at chofe pra£tical parts which his particular fta* 
tion of life requires him to underftand, it will not 
be furprifing, that there are fo few, who have 
patience to go through with fo much applicatiori. 
To Jcarn the elements of Euclid only, is, of itfelf, 
an arduous undertaking, and the greater part 
have feldom any inclination to go fo far ; even if 
they have time and refolution enough to do it, 
they would then have learned but very little of 
what is ncceffary in pradlke. 

For thefe reafons, it fcems requifite to relieve 
ftudents from fuch burdenfome talks, by cutting 
off all fuperfluous fpeculations, and retaining no 
more than what dircftly tends to inftrudtion 
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PREFACE. 

lA that pradical knowledge required in various 
profeflions. 

To proceed with order, I begin with all the 
neceffary propofitions of Plane Geometry, exclud- 
ing all thofe which fervc only as fteps to prove 
others, which are of no ufe here •, then proceed 
to a General Inveftigation of Arithmetical Pro- 
greflions ; and from thence are deduced two very 
cafy General Rules, whereby not only many ufe- 
ful arithmetical queftions are iblved, but likewife 
the contents of all geometrical figures, both plane 
and folid, are found, by means of the analogy 
here fhewn to fubfift between Arithmetic and 
Geometry, not taken notice of before. 

As there are but three plane figures, viz. the 
triangle, parallelogram, and circle -, and but three 
regular Iblids, viz. the pyramid, prilm, and fphere ; 
fo the contents of all plane figures, excepting the 
circle, are found by one fingle e^reffion : in the 
fame manner, all folids, excepting the fphere, 
are likewife found by a fingle exprtffion'. 

My treating the do6trine of Proportions, will 
no doubt appear imperfed in refped to In- 
commenfurables ; but their nature is fuch, as can 
no otherwife be explained than by approximation \ 
nor has Euclid been able, by all his fubtility of 
reafoning, to explain them otherwife, as may be 
feen in prop. 1]. book XII. 

The reader is fuppofed to underftand the com- 
mon rules of Algebra ; but for the fake of be- 
ginners, who have not learned them before, we 
have inftrted them here, by way of Introdudlion, 
and freed from obfcurity fome of the rules whiclv 
others have not properly explained. 
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§. I. A LGEBRA is the fciencc of 
jl-L Computation ; it proceeds by 
rules and operations, fimilar to thofe in 
€ommon Arithmetic, but more general 
and extenfive 3 it is grounded upon the 
fame principles as Geometry, and there- 
fore, is no lefs clear and convincing ; it is 
likewife more general than Geometry; 
inafmuch as its rules comprehend both 
Arithmetic and Geometry, including both 
fciences in one : its great excellency, is 
to difcover fuch truths, by inveftigation, 
as would in vain be fought for by any 
other means. In Geometry, truth muft 
be known before it can be demonftrated ; 
whereas it is difcovered in Algebra, and 
the difcovery is more advantageous than 
dempnftration, becaufe it leads the reader 
to find others not known to him before. 
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iv INTRODUCTION*- 

To pro<5ce(l^Wit1llft^lbod, in Co extdn- 
five a: fcience^ it is neceffary to explain 
the principles upon wlw:h it is built, in 
a§ pjear and concife a l^ihcr^ as the fub^ 
Je6; will admit; and which muft ]>c well 
remembered, in order to underAand per-* 
fedly what follows. 

§. 2. Quantity being whatever may 
be meafured, numbered, or eflimate^i 
numbers are nothing bqt certain tigns or 
figures, invented to reprefent the ordc^r* 
or relation between quantities of the fame? 
kind; fo that whatever quantity is referred 
to unity, the numbers 2, 3, 4, denote 
twice, thrice, four times that quantity. 

§. 3, Any part of a quantity may be 
referred to unity ; as for example, a fe-^ 
cond, minute, or hour of time ; an inch, 
foot, or yard of length ; a fquarc, or a 
cubic inch, foot or yard, of furfaces or 
folids. 

§.4. In Algebra, thefe relations arc 
exprcfled in a more general manner, by 
letters, a, b^c^d', fo that whatever quan- 
tity is referred to unity, a ox b denotes as 

many 
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mapy tSji^^diM^AHmil^^y z6 tWre are 
units fuppoied to t>e in >W^^ ahd Kiot 
the quantities tfaemfelves^ as they are com* 
monly confidered ; the values are always 
knownjii )tti^ VppUeatictti to -queftions , 
but not neceffary in tHe ruleis of Addition, 
Subtra<flioh, Multiplication, and Divifion, 
becaufe thefe rules are general, and not 
confined to any particular aumben 

§• 5. As thefe rules cannot be actually 
performed in Algebra, as in common 
Arithmetic, certain figns are ufed . to in- 
dicate them : thus the fign 4 ^/ffx de« 
notes addition, and the fign -* mmm, 
fubtradion : for example, if two num- 
bers a and 6 are to be added, we write 
th^sm a+6» but when A is to be fobtraded 
jirom a, we write tf—^; and when fevc- 
ral niunbers are connected by thefe figns, 
as a+i—C'hJf they ferve to (hew which 
are to be added, or fubtradted; that is, 
if a is 6f 6 Sp c 7, and d 5, then will 
a+h-^c+df become 6 + 8—7 + 5 ^^ ^^* 
becaufe 6, 8, 5, are to be added, and 7 
fubttafted from their fum 19. 

a 3 The 



vi INTRODUCTION. 

The fign + or — , belongs always to 
the num|3er it precedes : thus in a+6, or 
a-rby the figns belong to b, and when 
a number has no fign^ it is fuppofed to 
have the fign + ; thus a^ b^ or +^, +b, 
mean the fame thing. 

§. 6. If a number a + b, is equal to 
another dy we write ^ + ^ = ^; if ^ is 
greater thap b, we write ^2 > ^, or if ^z is 
lefs than r, a<Cy the greateft flapds al- 
ways at the opening of the angle. 
~ §. 7. Numbers preceded by the fign 
+ , are faid to be pofitive, and negative 
when preceded by the fign — ; thus a or 
^b, is a pofitive number, and —b, a ne- 
gative one ; they are both real, but op- 
pofite in their afFedion, the one increaf- 
ing, and the other diminifhing the num- 
ber to which they are joined. Though 
+a, --a, are equal as to their value, 
, yet as their 'figns differ, we do not fup- 
pofefhat +az;:—a, huta—a^o, becaufe 
to infer equality, they muft not only be 
equal in value, but likewife in their 
aflfe(^ons. 

§. 8. 
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§. 8. Equal numbers are always ex- 
prcffcd by the fame letters, and unequal 
ones, by different ones. The number of 
times that a number reprefented by a let- 
ter is taken, muft be joined to it, as 3 j, 
5^ means, that the number a muft be 
taken three times, and b five times; 
thus if a denotes 20 pounds, and b \o 
yards; then 3 times 20 is 60 pounds, 
and 5 times 10 is 50 yards. All num- 
bers ftanding before letters, as here 3, 5,* 
are called co-efficients ; and when they 
have no co-efficient, unity is undcrftood : 
thus itf, or \bi is the fame as a or b. 

§. 9. When feveral numbers, repre- 
fented by letters, are to be multiplied 
together, they are joined as in a word \ 
thus to multiply a by ^, we write ab^ 
and to multiply 3^, b^ c, we write '^abc^ 
Sometimes the fign X, is ufed to repre* 
fent multiplication, efpeqially when feve- 
ral letters are joined together by the 
figns + and — : for example ; when 
I? + ^ is to be multiplied by ^ + ^, we 

a 4 write 
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vrritc a+6xc+a, with a ftrok^ over the 
fadtors. 

§. 10. When a number , denoted by a 
letter, is to be multiplied by itfelf feve-- 
ral times, the letter is fet down with the 
number of factors above it i as aa, aaa, 
aaaa, are wrote ^, a^, a^ ; thefe numbers 
2, 3, 4, are called indices or exponents; 
moreover, a^ is called the fijuare of a; a^ 
the cube, and a^ the fourth power. 

§• II, A number is faid to confift of as 
many terms, as there are parts joined to^- 
gether by the figns + or — ; thus a+i, 
confift of two terms, and is called a ii^ 
nomiah, a+6+c of three terms, and is 
called a trinomial; a fingle number a, or 
fiic, is that which has but one term, 

§.12. Numbers are faid to be like, 
when they are exprefied by the fame let- 
ters, without confidering their figns or 
pumeral co-efficients ; fuch as +4//, and 
tsff^j, or as ^aic, and -^/yibc^ 
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ADDITION, 

§« 13. h petfarmed iy conneSHttg th fe' 
veral numben together ^ <witb their fr<^ 

To •\ra ■j'^a %a+y 

add +ib -^c +4<? 

This rule is evident from .the definition 
of the figns, §. 6, 7; for to add a nega- 
tive number, means no more than to fub- 
tradjk its poiitive value. 

Thus ca(h is pc^tive, and debt nega- 
tive j and therefore the real poflciSon is 
the fum of all the cafli, Mphen all the 
debts are taken from it. 

There are two cafes in which Addition 
may be fhortened. 

CASE I. 
§• 14. When numbers are like, and 
have like figns, add the co-efficients, and 
frefix their Jum ta one of the numbers, voitb 

ittjpi* 

To 
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To +4a —'jab a+6 

add +^a -^^oA 2>a+yb 

■ ■ ^ I ■ 

Sum +7^^ — lo^A 4^2 +8^. 

This rule is evident ; for 4^ and xa, 

' makes 7^7, whatever number a may be ; 

the fame — jab, and — ^^ab, make 

— J oab ! in general, the fum of all the 

co-ef5cients, of like numbers, and like 

iigns, will always be the co-efficient of 

the fum. 

C A S E ri. 

§. 15. If like numbers have different 
.Iigns, JuhtraB the leaji co-efficient from the 
greateji, and prefix the difference to one gT 

the number Sy with thefign of the greatefi. 

To +6<? — 7A — ab +4^ — 3* 

add — 2J +3* +3^^ — 2<z+4i 

7 ^ ■ ■ " ■ ■ — — ■ 

Sum +4^ — 4* +2fli +2tf-)-3. 

This is evident ; for the leafl number 
being taken from the greateft, the dif- 
ference mufl, have the fign of the 
greatefl. 

When many like numbers, with dif- 
ferent figns, are to be added, it \yiU he 

con- 
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convenient to add firft all thole with like 
figns, and then proceed as before. 

The fum of ill Ae pofitlvcs +ga + j6 
Tbp fum of all the negatives — 5^ — 1 2^ 

^— — ■■— ^— —i* 

Total 4^—53. 

Obferve, that all like numbers muft be 
added, tho* they do not ftand under each 
other; it is indifferent how they are 
placed, but are generally placed under 
€ach other for conveniency. 



SUBTRACTION, 

§. 16. Is performed by changing tb^Jigtts 

of the numbers to be JubtraSled into their 

contrary^ then add them together as before.. 

From +5^ —5^^ +6//r+3tf^— 5^ 
fubtr. +3^ +3^^ +3^^^ ad+2ab 
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Diff. +2a -^Sab ^ac + z^d^-yabw 

For 



ai JNTRODUC#ifCrTR*s. 






For to fubtraA -f ^3^ from + ^a^ change 
the fign of 4-'^4tr\nd then +5/1^^ 3if> cr 
^2ai to ifi(ibfr«a +3^, from — ffij*^ 
change thl^^gn of +^a6, which*^ves. 
— 5^^— 3^i or — 8tf^; and to fubtra^" 
+ 3tfC--^</ 4-2^^9 is the fame thing as to 
add -^ 24C -h ad^ 20^. \ 

SubtraAkm in Algebra, is proved by 
Addition, as jn common Arithmetic. 
For the difference + 2^, added to + ^a, 
givqs +5^ } the difference — 8j3,. added 
to +3^^, gives —5^; and 30^ + 4^^— 7^3^ 
added to +3JC— j</+2i?ij, gives +6jcH- 
3J^-5(7^. 

MULTIPLICATION, 

§.17. J^ performed^ by multiplying all 
the parts of one faSlor one after another, 
by all the parts (f the others and if the 
^gns of the parts are like, the produ^ mufl 
be pofiti^ui, and negative, if the fgns aro 
Afferent. 

Mult. +a — » — tf 

by +b +b — ^ 
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Prod, +a6 —ab '\-ab 

For 
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. For to multjlply t pofitivc number 4^ 

¥,% pp|% 5gii A^ jj^is jdain that a mud. 

^^;.1:^;repealfbda^lQftfen a^ thei;c are uniu ia 

i >'%''% ^ and their produdi: is +ai., 

"t"^ ' , .... 

1^ To multiply a negative number —4^ 
apofitiveone +^; it is no kfi evidentt 
ViissHin^ muft be repeated as often as^ 
there a^ itt^^k ^-i+j^^ii ^d fince a negan 
tive number repeated :^P^ifa often, rev 
mains negative; ther^fpfH^^ a negativct 
^number — //, multipltei by a .pofitive one 
-j^'i^ glVjBS --ai foV'A^ pfodt^. Bpt if 
a negative number —if, be mukiplied by 
a negative number — ^ ; then by the na- 
ture of the %ns, *-* ^ is to be repeated 
with a contrary fign as often as there are 
lanits in the itiultiplier 6 : that is, it is to 
be fobtrafted once, twice, thrice or 6 times? 
Imt to fubtraifk — tf once, gives +a; twice 
+ 2tf; thrice +3 J 5 ^ times +ai. 

This may be illuilrated by ibme eafy 
familiar examples, as follows : 

Suppofe a pcrfon wins 6 times a fiim a^ 
bis total gain will be ^; if he lofes 6 
times the fum a^ his total lofs vvill be 
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—abf as oppofite to his gain : but if hd 

has loft b times the fum — ^/> and pays off* 

* 

as many times this fum^ as there are 
units in — ^; it is plain, that the whpld 
payment muft be +abf fince he is richer 
by that fum, than he was before : for to 
pay off the fum — a once, he gets +a; 
twice, + 2a ; and h times he gets + ab. 
This being plain in one fpecies of quan- 
tity, muft be fo in all others. 

Mult. +2a —^cd —']bc 
by +3^ +4^ '-4^ 
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Prod. '\'tab —zoacd +2Sabc4 

For a multiplied by 3^, muft be three 
times more than the produdl ab, bccaufe 
the fadlor 3^, is triple the faftor b ; and 
the produdt of 2a by 3^, muft be double 
that of ^ by 3^ ; fince 2a is double a^ 
The product of ^cd, by 41J, muft be four 
times the produdt ^acd, fince ^a is quad- 
ruple of a, that is, it muft be — 2oacd*4 
and in general, 

§. 18. Wbatevernumbers the co*-efficients 
qf the favors may be, their produSi will al- 
ways 
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aoays be the co-efficient of the produSi of the 
JuStors. ' 

It is not material in what order the let** 
tcrs of a produft ftand : for if the marks or 
counters in the line, ^ 
AB, denote the units 

ofoncfaaor,andthe ogoooooo 
marks in the line rf o. g o o o o o 
BD, the units ofoGGGGooo 
the other: then it is B C D 

plain that all the units in the fadlor AB, 
multiplied hy the number of units in the 
fadtor BD, give the iame produifl as all 
the units in the faftor BD, multiplied by 
the units in the fador AB, 

Hence, ab or ba^ and 2ox6, or 6x2c^ 
is the fame thing, as well as abc^ and acby 
or bac : for aby^c^ or bay.c^ and cY^ba is 
the fame thing. 

§. 19. The prod u<S of any two numbers 
AB| BD, is equal to the fum of all the 
produds of one of tbem AB, multiplied by 
all the parts BC, CD, of the other, divided 
any how; that is, a multiplied by ^ +^ +^, 
gives ab -^ ac ^ ad. Again BD — CD, 

mul- 
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multiplied by AB, is equal to the produ<fi 
of BC, multiplied hj AB ; that is^ aS 
multiplied by c gives ac-^cb* 

To pretend tbdt a ikigle negative num^ 
ber, reprefents a quantity lefs than no<- 
tfaingt or impoffiblt, is abfurd; fince ther6 
are no fuch quantities exifting, by §. 2 : 
beiideSy Algebra confiders only the rela-^ 
tions of quantities^ which when they can^ 
not be eXpreffed by any number, fhews 
the fuppofition to be erroneous. The 
reafons Thomas Simpfoii gives, in pages 
&49 25, to fuppc^t this abfurdity, are 
quite confufed ; fometimes Algebra con-" 
jQders only magnitttde» and afterwards 
abitraA numbers i and to (hew it, ' he 
gives an example^ which proves no more 
than that there are two cafes, viz. to End 
the perpendicular, when either the fum or 
difference of the hypothenufe, and one fide 
of a right angled triangle is given, with 
the other fide : fo that what he took for 
an impofiibility, is no ntore than another 
cafe of the fame queftion. The fign has 
been confounded with the number ; fince 

what- 



whatever nnmber is denoted by a^ it can 
never be but that number let its fign be 
what it will. Amongft many examples^ 
the negative logarithmsi wbicb are as oftea 
ufed as the pofitive ones, is a convincing 
proof, that negative fingle numbers arc 
as ufeful as pofitive ones. 

Ni. B. In Algebra, we always begin 
Multiplication at the left and go to the 
right, contrary to what is praftifed in 
Arithmetic, although it is indifferent 
which way it is done. 

Mult, a+b a^i 

by a+6 a-^-b 

aa+ab aa+ab 

-\-ab+bb ' —ab—bb 

prod, aa + zab+bb aa >• o^bb. 

For a+b multiplied by a^ gives aa+ab, 

and tf+^ multiplied by 4-i> gives tf^+A^; 

thefe two produds being added, gives 

aa+2ab+bb. Now a+b multiplied by 

tf, gives aa + ab as before ; but a + b 

multiplied by — ^, gives —tf^—AA, which 

added to aa+ab gives aa-^bb, becaufc 

ab'-abzzo, by §. 7. 

b Mult. 
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Mult, tf— ^ 6—3 

by a'-b 6 — 3 

aa—ab 36—18 

--ab^bh -18 + 9 

prod, aa-^zab+bb 36— 36 + 9=9. 

Becaufe a-^b multiplied by a^ gives 
aa-^abi but a being greater than j— £ 
by by the produd aa^abis too much by 
the produd ab—bb of b by a-^b ; which 
therefore mufl: be fubtradted from ^^-^ ^9 
to get aa-^zab^bb for the produft of 
a—b by a—b: this fhews^ that —b mul- 
tiplied by —b^ muft give +bb; but by 
no means proves^ that — by — gives + ; 
which muft be done from the nature of 
the figns themfelves^ as we have fhewn. 

When feveral faiftors are to be mul- 
tiplied together, multiply any two and 
the produdt, by the third, and continue 
fo to the laft : but when different powers 
of the fame number are to be multiplied 
together, then the index of the produQ^, 
is equal to the fum of thqfe of the fadors. 
For example: aa—a^^ axa^=a^y dl^xa^zi 
tf5, or in general, tf^Xtf"=tf"+'". When a 
compound number is to be raifed to any 

^5 power. 
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powcr^ a line is drawn over it with the 
index at the end. Thus the fquare of 

a+6 is marked a+fi\ the cube a+ff^. 
Hence a+b multiplied by a+fi^, gives 
a+b^, and ^+^1* multiplied by tf+^% 
gives a+^s, 

DIVISION, 

§• 20. Is performed, byjindmg the nufn^ 
her of times that the droifor is contained in 
the dividend i if both have the fame Jign, 
the quotient muft be pojitroep and negative 
^tbejigns are different. 

Thus + ab divided by + a, gives + b 
for the quotient ; — yA divided by + a, 
gives — 3^ ; — tabc, divided by — zc, 
gives +3/1A. 

Divifion is proved by Multiplication; 
therefore, the quotient + b multiplied 
by the divifbr +tf, gives ^robi the quo- 
tient — 3^, multiplied by the divifor +a, 
gives — yibi and — 2^, multiplied by 
+ 3^^> gives — babe. 

If the divifor is nat contained exadly 
in the dividend, divide both by a com- 

b 2 mon 
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> 

For 6ab divided by la^ gives 3^ for 
the firft term of the* quotient; and the 
produdt bob of the quotient 3^ and the 
divifor 1;^ being fubtrad:ed» leaves +ioaci 
this divided by za^ gives + 5^: for the* fe- 
cond term, of the quotient, and the 
prodiift of 5^ by za^ being fubtraiffced, 
leaves o. 

Since the quotient 31J + ^c multiplied by 
2ay gives tab + 1 oac^ for the dividend. 

divifor a^h^ aa—zab+bb {a-^b quot. 



aa 



—ab 



o—ab+bb 
—ab-^bb 



o o 
For aa divided* by a, gives a for the : 

firft part of the quotient ; and the" pro- 
duct aa—ab of the quotient ^ and' the- 
divifor ^ — by being fub traded leaves 
—ab+bb; whioh divided Hby-rf^^^es — -^ 
for the fecond part of the quotici^t; this 
multiplied by the. divifor a^\^zv\A the 
produft —ab+bb fubtraded, lelves o.. 

If a^y part of the produd of the divi- 
ibr multipKed.by the quotient/ cannot he 
{ubtjafted, f?t it down as a part of the 

tcmaihder-wiJth- a. contrjiry figin. 

iT J'^-^^J.i' Diviforr 
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Divifor tf— ^) atf—M (tf+^ quot. 

aa—ab 

o-\-ab-~hb 

o o 
When the divifor and dividend ha^ a 

con^mon divifor^ divide both by k and 

proceed asbefore : thos^if ^^^-- 1 oaicxx-h 

3^C4cS is to be divided by aic-^^^cx, ftrike 

out 6c in bothy then ^c divifion will 

fland. 

a^— ^aax 

+ ^aax-^ gaxx 

o -^axx-i-^x^ 

--axx+^x^ 

o a 
When the divifor is not contained ex* 

adiy in the dividend, the remainder i»fet 
down vtrith the divifor under it^ as a^part 
of the quotient. Thus aa+ai+iiy di- 
vided by a+i, gives a+ ^-r-r for the quor 
tient. 

It is neccffary inr. fome cafes, to carry 
on the divifion fo far as that the quotient 
helfomes an infinite ferics : as- here, where 
a divided by i+x, gives 

l+X: 
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i+x) a {a-^ax+axX'-ax^ +, &c. 
a+ax 



o 
—ax-^axx 

o +axx 
+axx+ax^ 



S QJJ ARE ROOT. 

§. 2 1 . The iquare root of any number^ 
is fuch as when it is multiplied by itfelf» 
fhall give the propofed number ; for ex«- 
ample : the fquare root of aa is a, iince 
a multiplied by a gives aai the fquare 
root of 9 is 3^ for 3 multiplied by 3 gives 
9 ; the fquare root of 144 is i2» fince 12 
multiplied by 12 gives 144. 

§. 22. Xo find the fquare root of aa'\-^ 
2ab+bb. 

The fquare root of the firft term aa, 
is a, whofe fquare aa fubtradied leaves 
2a6+6b i now if the root found a be 
doubled and the remainder divided by 
za, we get i for the fecond term of the 
root; and if this term be added to the 
divifor 2a and the fum 2a +6 multiplied 

b4 by 
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by b» gives %«b^H» which bdng fub- 
traded leaves o. Therefore tf+^ is thf 

root required ; for ^+^% gives <w+2^^ 
Operation aa+2ab+bb{a+h 

za^Q 2ab+bb 
zab+bb 

o o 
§. 23, To Jnd tJbe fquarf r(faf'of(fa+ 

%ab+bb+2ac + 2bc+cc^ 

The root of aa is a^ whofe fquarc aa 
being fubtraifted leaves 2ab+bi+9 Sec. 
divide the remainder by 2a twice the root 
found, which gives b for the next term 
6f the root ; this being added to the di-f 
vifor 2a, and the fum 2a +b multiplied 
by ^ gives 2ab+bb, and thi^ fubtradled 
leaves 2ac + zbc +€^ ; this remainder bet- 
ing divided by 2a + 2b, twice the root al-^ 
wady found gives c; c added to the di-^ 
vifor 2/1 +2^ and multiplied by c gives 
%ac^%bc+cc I which when fobtraded 
from the remainder leaves o. Therefore 
§^b^c 18 the foot required ; fince if 
♦his root b« multiplied by itfelf it gives 
the A^uare propofe^. 

Operation 
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Operation «f+^+W+2^+a&+fic(tf+*4^ 
2a) o4'3U8*4'** 

^+3*) o +iac+2bc+cc 

7jrc+2bc+cc 



«ip 



G E N E R A L R U L E, 

Having f<mnd the rooot of the firft 
ternit to find any of the fucceeding ones« 

Divide a/ways by twice the root already 
fotmd^ which gives the nmt term ; this be* 
ittg added to the divifor^ tmdtiply tbefum by 
that ternif andjid^tra^ the produ^. 

When the root cannot be found exadly^ 
it is neceflary to carry on the operation 
fo far^ as the law of continuation may be 
difcovered ; this appears by the following 
example, .where the fquare root of i ^xx, 
is required. 

z) .--xx 
—xx+ix^ 

a -^xx) , — 4flf* - ^x* 

ObfervcT 
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Obfcrvc, that when any part of the 
produd cannot be fubtraded, to place it 
to the remainder with a contrary fign^ 
the fame as in Diviiion ; and that after 
the two firft terms of the root have been 
found, no more of the divi(br has been 
fet down, than was fufficient to find five 
terms, whereby the law of Continuation 
is difcovercd. For if ^, b^ r, d^f^ g, de- 
note the numeral co-efiicients ; then azzr, 
i=U, 'c=^i, d=ic, /= A^, g=^f, &c. 
fo that the upper numbers are i, 3, 5, 7, 
9j 1 1, &c. and the under ones, 2, 4^ 6, 8, 
10, 12, &c. 

The fquare root of common numbers, 

is found by the fame rule ; feparating 

them t'wo by two^ from the right to the 

left I then the root will conjijl'tf as many 

figures as there are divtfions. 

For the root of 321489 is found, by 
feparating them as in the margin. 

Then the nearcft fquare ' 32* 14189(567 
under %z is 2C, whofe .— 
root 5, is the firft figure 636 
of the root, and its fquare "*) -7^89 
25 fubtrafted from 32 



• • f f 



leaver 
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leaves 7 j to this join the two next figures 
14^ and divide 714 by io» twice the root 
5, which gives. 6 for the next figure of 
the root; join this figure 6 to the diviibr 
10; multiply the fum 106 by 6; fub- 
tradt the product 636 from 714 and 
there remains 78 ; to this join the two 
next figures 89 ; divide 7889 by 1 1 2, twice 
the root 56, which gives 7 for the next 
figure of the root ; join this figure 7 to 
the divifor ii2; multiply the fum 1127 
by 7; fubtradt the produd 7889 from 
7889 and there remains o. Hence, 567 
is the root required, fince this number mul- 
tiplied by itfelf gives the fquare propofed. 

If the root cannot be found 
cxadtly, it is fometimes ne- i>4o( 11.83 
ccffa ry to carry the operation ajl 40 
farther, which is done by ^' , 

Mnexing to the remainder ^^^ Jg^ 
twice as many cyphers as 236) . . 7600 

vou want decimals; as in . ^^^ 

^ ^ remain 511 

the example joined here; 

where the fquare root of 140 is required 
to two decimals ; now as the fquare root 
of one is i, and one fubtra^fled from i 
leaves ; divide the next two figures 40 

by 
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by 2, twice the firft figure i of the root, 
which gives one for the next figure of 
die root ; ihis figure joined to the divifbr 
2, multiply dae £um 21 by i ; fubtraA 
the prodttd 21 from 40, and there re- 
mains 19 ; if to this remamder two cy- 
phers are joined^ and the operation con- 
tinuedy by adding every tkne two cyphers, 
the root may be found to any number of 
decimals. 

We feparate die decimals from die 
whole numbers by a point, to difUngu^ 
the one from the other. 

VULGAR FRACTIONS. 

§. 24, y A fraftion confifts of two parts, 
one placed over the other, as - or -; the 

it 

under one, 3 or a, fhews in how many 
parts unity is divided, and is called the 
denominator i and the upper, 2 or b^ how 
many, of thefe parts the fradion contains, 
and is called the numerator : thus 4 means 
two thirds of any thing, as of a yard, 
pound, &c. When the numerator is 
greater than the denominator, as -J, or t, 
the fradion is called improper : Hcnqe, 

any 



r 
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my whole number may be called an im-* 
proper fra(5tioa whofe denominator is 
unity. 

§. 25. To reduce a fraftion to its lowed 
denomination. 

Drvide both its numerator and denomi- 
nator by the greatefi common divifor^ if 
they have any ^ and if they have not^ the 
fraSlion cannot be reduced.. 

The fraSion A divided by 6 gives 4 1 
the fradlion 4^ divided by 8 gives -h ; 

— divided by a gives - . 

^ This ruk is evident, fince if you mul- 
tiply and divide any number, by any but 
the fame number, its value is neither in- 
creafed nor diminiihed. 

§. 26. To find the greateft common 
divifbr of any two numbers. 

'Divide the great eji by the leafi^ then the 
leq/l by the remainder y and continue to divide 
always the lafi divifor by the Iq/i remainder ^ 
till you find a divifor that divides exaSily^ 
which will be the required one. 

Example: Let 89046 and 2346, be the 
given numbers, divide the firft by the laft, 
divide the laft 2346 by the remainder 

5 2244, 



\ 
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1244, and the divifor 2244 by the lafl 
remainder 102, which leaving o will be 
the divifor fought. For 2346 divided by 
102 gives 23, and 89046 divided by 
102 gives 873. 

The demonftration of this rule depends 
on this, that the divifor of any numbet 
divides itielf, and any multiple of that 
number, as likewife its equal, and any of 
its multiples, 

§. 27. To reduce fractions under the 
fame denomination. 

Multiply all the numerators feparately^ by 
all the denominators excepting their own*, 
then the products will be the numerator s^ and 
the produEi of all the denominators, the 
common denominator. 

Let 4, Tf be the fradlions \ multiply the 
numerator 2 by the denominator 7, and 
the numerator 5 by the denominator 3, 
\(rhich gives the numerators 14,15, and the 
produ(3: 2 1 of the denominators 3, 7, the 

denominator. For ^ rz i^, and |. = i^. 

If 4, T, T» be the fractions, multiply 
the numerator i by the produdt 21 of 

the 
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the denominators 3^ 7 ; multiply the nu- 
merator 2 by the produd 14 of the de- 
nominators 2, 79 and multiply the nume- 
rator 4 by the product 6 of the deno- 
minators 2, 3, which gives the numerators 
2i> 28, 24> and the product 42 of all the 
denominators^ ' the common denomina- 

tor. For- = — , - = — , and - = — . 

2 42' 3 42 . 7 42 

The fractions — , - , give - = — and 
- == — ; the fraaions-, -, - , give - — -^9 
-= — , and ^ —^. This rule is evident, 

c am n acn 

fince multiplying the numerator and the 
denominator of a fradtion, by the fame 
number, neither increafes or decreafes 
its value. 

§.28. To add and fubtradt fradlions. 

Reduce them under the fame denomination 5 
then thefum or difference of the numerator Sf 
dfuided by the common denominator^ will be 
the fraction required. 

Thus- + ^ = ?i5, or i2, is thefum; 

34 12t ' 12* 



4^i = il^, or ^ the difference, and 
^333 



^ 
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; + 3 - ? - 48 ' * *"^ ;§» ^'**^» 

when divided by 2, gives -^. 

Tbis^rute is evident, fince like pwrts 
may be added and fobtraded in the dmt 
manner as whole numbers ; that is, thirds 
to thirds, foorths to fourths. Sec. 

§. 29. To multiply and divide frafticMMb 
In multiplication, tie produSl of all the 
numerators^ droided by the froduSl of aHtbe 
denominators^ gives theproduSi ; in divifion, 
invert the divifor^ then it becomes a multi^ 
plication. 

b ah 

To multipJy ahy-, gives — , to tnul-^ 
tiply - by -, gives - . For the produ<a 

nh 

ab is fo much greater than — , as the fac- 
tor h is greater than - by tl»e aatm« of 
multiplication, and the produift ~ is fo 
much greater than - , as the factor d is 



hi 

ttC 

d 



greater than the faax>r j. The feme thing 
is true in regard to any other feaaiori. 



To 
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To divide a by-; then ^ x t or -r , . is 

the quGftieAt: ^divided by ^^ gives -^ X - 



hd 
or — . 



If the denc^miriators are divifible by the 
fame number as the denominators^ dvoidi 
as many of the one as of the other i and 
multiply the quotients. 

Thus-x^, gives- XI or -; -x-X- 
4 3* » 2 2." 2.^3^4 

gives 1 X I X - or -: for - Jc - xj, gives? 
—J or -;, when divided by aa 

oca d , ^ ' 

The fquafe root of a fradion is founds 
by extradking the root of both numerator 
and denominator fepirately: thus the 

fquare root of -^ is ^^ and the fauare root 
^ 49 7 ^ 

of -18-. 
aa a 

§. 30. To reduce a numoer into a frac- 
tion of a higher denomination : divide it 
iy the number of times the loiter is contained 
in the unit of the higher • 

Thus pence divided by 12, give frac- 
tions of a (billing : (hillings' divided by 
ao, give fradions of a pound : as 3 pence 

t gived 
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gives -rr or i of a {hilling ; 1 5 (hilling<s 
divided by 20, gives i^^ or i of a pound. 

§.31. To reduce fractions into whole 
numbers of a lower denomination ; mui- 
tiply the numerator by the number of times 
that the lower is contained in the higher^ 

Thus the fra<ftion 4 of a fliilling, mul- 
plied by 12, and divided by 3, gives 4 
pence j the fradion ^ of a pound, mul- 
plied by 20, and divided by 4, 1 5 (hillings. 

§. 32. To reduce a fradJion into deci- 
mals : annex as many cyphers to the nu-- 
merator as you want decimals, and divide 
by the denominator. 

Tbus \ is reduced into decimals, by- 
joining three cyphers to the numerator 7, 
and dividing 7000 by the denominator 8, 
which gives ,875 : if tt, join five cyphers 
to the numerator, and divide by 32 ; then 
will .03125. when the divifion is not ex* 
aft : what remains after threq or four 
decimals is neglefted, as in the fraftion 
^, by joining fbur cyphers, gives .41^6, 
and there remains 4^, which is negl p^hm 

Decimals are added and fubtrafted like 
whole numbers, obferving only, to place 
the points which feparate them from the 

wholt 
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'^bole numhertj under each other. They 
are likewife multiplied and. divided i& 
whole numbers, by making as many ^- 
clmals in the produSi^ as there are in both 
faSiarsi and in the quotient, as there are 
more in the dividend than in the divf/br. 

Thus .125 multiplied by 6.4 gives 
.8000, or .8 only: .025 multiplied by 
3 gives .075 ; and .378 divided by 63 
gives .006. 

The value of a decimal fraflion fs 
found, if multiplied by the number of times 
that the lower denomination is coTttained in 
the unit of the higher ^ and pointing off as 
many decimals as there were before. 

The decimal .875 of a pound, mul- 
tiplied by 20, gives 17.5 ihillings, or 17 
fhiltings and 6 pence ; and .03 1 25 of a 
pound, multiplied by 20 gives .625 of a 
ihiilingj this multiplied by 12, gives 7. j 
pence, and 5 multiplied by 4 gives 2,0 
or 2 farthings. 

To reduce decimals into common frac^ 
tioris ; Divide the decimals by unity 9 with 
as many cyphers annexed to it as there are 
decimals. 

Thus the decimal 1.5 divided by 10 
gives 44 or T when divided by 5 ; and 

c 2 -875 



^ 
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•875 diVided by 1000 giycs tWtt or t when 
divided by 125. 

Equations and their Reduction. 

§.33. The equality between two num- 
bers, confifting of one or mofe tefn^s, is 
f:zX[tdL zn equation 9 as ax=6c, or a+x::^6. 

In folving queftipns by Algebra^ not only 
the known nunibers are e^fpreflcd by let- 
ters, but likewife the unknown or fought 
ones ; and fojr diftin<ftion fake, the Jcnpwn 
numbers are always exprejQTed by the initial 
letters, a, b^ r, ^, and the unknown or 
fought ones, by the final u, x, jr, z. 

It is from the relation of the known or 
given numbers tq the unknown or fought 
ones, that equations are formed. 

For example : to find a number x from 

v^hich 4 being fubtradted, the difference 

ihall be eqpal to 6 ; we fet down a^ — 4=6. 

To find a number x whofe two thirds 

ihall be equal to 4, we fet down ^xzz^i 

and to find a number x whofe fourth part 

ihall be equal to the difierence of 5, from 

which one fixth part of the unknown 

number being fubtraded, we get ix:=: 

S-rX. 

The 
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The value of an unknown number is 
ftid to be found, when it ftands on one 
fide of the equation with a pofitive fign, 
freed from its co-efficient, if it has any, 
and all the known terms on the other. 
The feveral operations whereby the value 
of an unknown number is determined, 
^re called redudtions, 

Redu&ion by jiddition and SubtraStion, 

§• 34. If a known number ftands on 
the fame iide as the unknown one, tranj^ 
fofe it to the other Jide wtb a contrary Jign. 
This is no more than to add or fubtrad 
i^quals to or from equals, which does not 
jieftroy the equality. 

Example : If x— 4=6, we get ^=6+4, 
]by addition, or x=,io, by contraction. 
li x+bz=.ay then xzza--by by fubtradtion. 
If 6— Ar=2 ; then 6 — 2=^ by tranfpofi- 
tion, 4= AT by contradlion. For if we add 
4 to both fides of the equation a;— ^4=6, 
then ;^+4-r4=:.6+4> or ^=10, becaufc 
+ 4 — 4 on the firfl: fide deftroy one anothei? : 
and if we fubtrad b from both fides of the 
equation x+^=tf> wegetA:+^— ^=:tf— ^, 
pv x=d-rb, becaufe +^—^=0. 

ReduSiim 
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ReduSiion by Multiplication and Divi/ion. 

§. 35. If the unknown number be mul- 
tiplied or divided by a known one ; ftrike 
it out, and divide or multiply all the other 
terms by it : this is no more than to divide 
or multiply equals by equals^ which does 
not deftroy the equality. 

Example: If 2x=2tf+4^5 thenx=^+ 
zby by equal divifion, l{ ixzza+c; then 
X— za + 2Cp by equal multiphcation ; fince 
X multiplied and divided by the fame num- 
ber, neither increafes nor decreafes its value. 

If tX=:4; then zxzziz by equal mul- 
tiplication » and xi=6 by equal divifion. 
L»aftly, if ixzz^--ix; then multiplying 
by the denominators 4 and 6;- we get 6;^r= 
120— 4^, and i ox =120 by trihfpofitioii 
and contrad:ion, or xr: laby equal divifion. 

We do nor confider here the reduftion 
of equations, when there are feveral un- 
known quantities contained in one or more 
equations^ as being of no ufe in the reft 
of tbi& work. 

Reduffion by the Roots and Powers. 

§. 36. When the highcft power of the 
unknown quantity in an equation is the 

fquare. 
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fi^uare, it is called a quadratic equation ; 
when that power is a cube^ a cubic equa- 
tion, &c. 

The fquare root of any number, z$a+6^ 

is marked -/STf?. If v^— x=^^j then by 
fquaring both fides of the equation, we 
get a—x=cc, and a—cc^pc^ by tranfpoii- 

tion. If v'4x + 5==5 ; by fquaring both 
fides, we get 4x+5=25,or4;v=25— 5=20 
by tranfpofition, and ;^rr5 by divifion. 

§. 37. All quadratic equations^ may be 
reprefented by this one form xx+2ax=ic, 
wnerein the fecond tern^ 2ax tnzy be po- 
fitive or negative, as well as ic in certain 
cafes. For if the fquare xx has a co- effi- 
cient, it may be freed from it by the pre- 
ceding, rules, and if any term be repeated 
more than once, their co-efficients may 
be added. 

§*' 38, To find the fquare root or the va- 
lue of ^> in the equadon ocx-^zaxtiBc. 
By addi;ng the fquare aa of half the co-effi* 

cieat Tsaoixi v«c gctxx+2ax+aair:dc'^aa^' 
th« firfl: fide is a perfed: fquare, wliofe root 
is a+Xf by §. 22 ; and therefore x+a:=i 

^.6c+Mi; which admits of three cafes. 

* 

I. x^z^c+aa—a-, when ic is pofitive» 

II. x= 
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II. x=%^6c+aa+a; when the fecond 
term 2cXp is negative, and x greater than a, 
which is always known by the queftion ; 
and 6c may be either pofitive or negative, 
but lefs than aa in the latter cafe. 

III. x^a'—^/Ac+aa; when the fecond 
term zax is negative, and a greater than 

Xy by the nature of the queftion ; but 6c 
muft be negative and lefs than aa. 

To illuftrate this by an example, fuppofe 

tf=:6, 6c=i2> then will ^6c+aa='/f 

when 6c is pofitive, and '/^c+<?^=:4.8, 
nearly, when 6c is negative. 

Hence, a:=:7 — 6,_ or x'zri, in the firil 
cafe; x-zi-j-Yb^ orx=i3 in the fecond, 
when 6c is pofitive, and Ar=:4.8 + 6, or 
;^z=io.8, when 6c is negative: laftly^ 
x=:6— 4.8, or x=i.2. in the third cafe. 

This (hort introdudion will be fuificient 
foriuch readers, as want to know no more 
than is fufficient in practice, or requifite to* 
underftand the enfuing work : as to thofe 
who are defirous to acquire more know-*^ 
ledge in this fcience, they may have re-' 
courfe to thofe authors who have . writ 
profeflfedly on thi« fubjeft^ 

O E O- 
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Definitions. 

Term or bound is the extfenite of 
any thing. 
A line has length only ; the bounds of 
a line are points, which have no parts* 
. A right line lies evenly between its 
bounds, or is the fhortef): diftance from 
one point to another, and a curve line 

r 

lies unevenly between its bounds. 

iNT. 5. Hereafter a right line will be 
called a line only. 

A furface has length and breadth ; the 
bounds of a furface are lines. 

A folid has length, breadth, and thick-> 
nefs ; the bounds of a folid. are furfaces. 

B The 
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2 Geometry. 

The opening A, fig. i. of two lines, 
which meet in a pointy is callied an Angle. 

Two lines AB, CD, fig. 2. which 
meet another line A£, fo as to make the 
angles BAE, DCE at the fame fide equal, 
are faid to be parallel. 

If a line CD, fig« 3, meets another 
line AB, fo as the angles CDA, CDB, 
on both fides are equal, the line CD is 
faid to be perpendicular to the line AB ; 
and the equal angles are called right 
angles. 

If a line ED meets another line AB 
obliquely, the angle ADE greater than a 
right angle, is called an obtufe angle ; and 
the angle EDB lefs than a right angle, 
aa acute angle. 

Quantity is whatever may be numbered 
or meafured : And magnitude a continued 
quantity, fuch as angles, lines, furface^, 
and folids. 

AXIOMS. 

I. Quantities or magnitudes, vdiich 

are equal to one and the fame, are equal 

to each other. 

i. If 
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2. If equals are added to or fubtradted 
from equals, the fums or differences arc 
equal. 

3. Magnitudes which coincide with 
one another/ or exadly fill the fame fpace, 
are equal. 

Proposition, Fig. 3. 
Article \. If a line ED meets another 
line AB, the angles ADE, EDB, at the 
fame fide of it\ are together equal t^ two 
right angles. 

Let CD be perpendicular to AB ; then 
as the greateft angle ADE exceeds the 
right angle ADC, by the angle CDE, or by 
as much as the leafl EDB wants of it: thefe 
two angles are together equal to two right 
angles. 

Prop. Fig. 4. 

2. Iftnm lines AB, CD, crofs each other 
in E, the oppofite angles a^ r, are equal. 

The angles, a^ b^ being together equal 
to two right angles by the laft, as are 
alfo. the angles by c ; by taking away the 
common angle ^, the angle a will be 
equal to its oppofite one r, hyjix. 2. 

B 2 Prop. 
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Prop. Fig. 5. 

3. If two parallel lines AB, CD, are 
crojfed by another line EF, i/i G, H ; the 
alternate angles AGF and DHE, are equal. 

The oppofite angles a^ r, are equal by 
the laft, as well as the angles b^ c at the 
fame fide, by defin. of parallels : and as 
both the angles a^ b, are equal to the 
lame angle c, they are equal by jix. i. 
For the fame reafon, the alternate angles 
AGE and FHD are equal. 

Definitions. 

A figure is a fpace contained within 
one continued or more terms. 

*A plane figure lies evenly between its 
terms, or agrees with a right line applied 
to it according to any direction. 

When a plane figure is bound by three 
lines, it is called a triangle; when by 
four a quadrilateral i and when bound by 
any number of lines whatever, a polygon. 
When two fides of a triangle are equal, 
it is called an infoceles ; when the three 
fides are equal, an equilateral i when one 

angle 



Geometry. ' 5 

angle is a right one, a right angle triangle; 
and the fide oppofite to the right angle, 
the hypothenufe. 

Prop. Fig. 6. 

4. If anyjide AC oj a triangle ABC be 
produced^ the external angle BCD, will be 
equal to the two internal oppojite ones A 
and B. 

Let CE be parallel to the fide AB; 
then the angles A, a^ on the fame fide 
are equal, by the 'Defin. of parallels, and 
the alternate angles B, b^ are equal, by 
Art. 3 ; the two internal oppofite angles 
A, B, are then equal to the two angles 
a and b\ that is to the external angle 
BCD, by Ax. 2. 

5 . Hence, the three angles of any tri- 
angle are always equal to two right 
angles, as being equal to the angles 
BCA, BCD, which are equal to tvro right 
angles, by Art. i. 

6.. If two angles of one triangle are 

equal to two angles of another, the third 

of the one, will alfo be equal to the third 

of the other, as they make up two right 

angles. 

B 3 7. When 
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7. When the two internal oppofitc 
angles A9 B, are equal, the external angle 
BCD, is double either of thefe angles. 

Prop. Fig. 7. 

8. If two triangles ABC, DEF, have 
one angle B in the one^ equal to the angle 
E in the other, as well as the adjacent Jides 
AB to DE and BC. to EF, they will be 
equal in all rejpe£is 1 that isy the third Jide 
to the third Jide ^ and the angles oppo/ite to 
the equal ^des will be equal. 

Imagine the triangle DEF, placed on 
the triangle ABC, (o that the angle E 
agrees with its equal B, and the fide 
DE with its equal AB;, then will the 
fide EF, agree with its equal BC i and 
as thfe points D, F, agree with the points 
A, C, the fide DF will like wife agree 
with the fide AC ; thefe triangles are 
then equal in all refpedls, by Ax. 3. that 
is, the third fide DF is equal to the third 
fide ACi the angle A to the angle D, 
and the angle C to the angle F oppofite 
to the equal fides. 

I 9, HencCi 
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9* Hence, if the £kks adjacent to tho 
equal angles B, E» are equal in the fame 
triangle, the angles A, C, or D, F, are 
equal. For whether the fide DE be 
placed on the fide AB, or on the fide BC, 
thefe triangles will equally agree in every 
reipeft. 

Prop. Fig. 8, 

10. If the three Jides of one triangle are 
equal to the three Jides of another reJpeSHvely^ 
they are equal in all refpe£is. 

Let AC be the common fide, AB equal 
to AD, and CB to CD, join DB 5 then 
as AB and AD are equal, the angle ABD 
)s equal to the angle ADB by the laft, 
and as CB and CD are equals the angle 
CBD is alfo equal to the angle CDB 1 
whence the angle ABC is equal to the 
angle ADC, by Ax. 2. and fince the ad- 
jacent fides to thefe equal angles are 
equal ; thefe triangles are equal in all re- 
fpedls, by Art. 8. 

11. Hence the perpendicular drawn 
from the angle A between two equal fides 
AB, AD, to the oppofite fide DB, wiH 

B 4 bifcdt 
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bifca that fide. For the angles ABD, ADB, 
being equal by the laft^ and the angles 
at £ being right angles^ the angles at A 
are equal, by Art. 6 : and the triangles 
BAEj ADEy Jiaving one angle and the 
adjacent fides equal, are equal in all re-* 
fpedlfe by Art. 8 : whence the fides DE, 
EB, oppofite to the equal angles a)f A^ 
are equal. 

Prop. Fig. 9. 

17,. If a line AE makes equal angles a, i, 
at the fame Jide with two parallels AB, CD ; 
any other line BE, will aljh make equal 
angles at the fame ^de with thefe parallels. 

Let E be the interfedtion ; then the 
angles a^ b, being equal, and the angle E 
common to the triangles EAB, ECD, the 
third EBA in the pne, will be equal to 
the third EDC, in the other, by Art. 6. 

Definitions. 

When the oppofite fides of a quadrila- 
teral are parallel, it is c^^Ued a parallelo«- 
gram, 
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A Redangle is a parallelogram, whoie 

" «' • • 

four angles are equal. 

A fquare is a parallelogram, whofe four 
fides are equal as well as the four angles. 

A diagonal is a line which joins the 
oppofite angular points of a quadrila- 
teral. 

The altitude of a parallelogram is the 
perpendicular diflance between two op- 
pofite fide$, and either of thefe fides may * 
be the bafe. 

.The altitude of a triangle is the per-^ 
pendicular diftance from an angle to the 
oppofite fide, called the bafe, and the op* 
pofite angle, the vertex. 

Prop. Fig. 10. 

13. The lines AB, OD, which join the 
extremities of two equal parallels AC, BD 
at the fame Jide^ are alfo equal and parallel % 
that is^ the figure is a parallelogram. 

Draw the diagonal CB> then the al- 
ternate angles ACB, DBC, are equal by 
Art. 3 : and the triangles ABC, DBC, 

having 



JO Geometry. 

having the adjacent fides to thefe equal 
angles equals are equal in all refpeds^ by 
Art. 8 : therefore the fides AB, CD, op- 
pofite to the equal angles ACB, DBC, 
are equal s and fince the alternate angles 
ABC, BCD, oppofite to the equal fides 
AC, BD, are equal; AB, CD, are pa- 
rallel, and the figure is a parallelogram. 

14. Hence, any triangle CDB, is al- 
ways half the parallelogram AD of the 
fame bafe and altitude. 

15. As the four angles of a quadrila- 
teral are equal to the angles of two tri- 
angles, they are equal to four right 
angles. 

16. Since the angles df a fquare or 
redangle are equal by Defin ; and equal 
to four right angles by the lafi; ; each of 
them is a right angle. 

17. Parallelograms and triangles, which 
are between the fame parallels, have the 
fame altitude y for when AC is perpen- 
dicular to CD, its equal BD, will like- 
wife be perpendicular to the fame line. 

Prop. 
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Prop. Fig. ii. , 

1 8. Parallelograms AC, EG, or trian^ 
gles^ which have equal bafes AD, EH, and 
the fame altitude ^ or which is the fame^ are 
between the fame parallels^ are equal. 

Draw AF, DG ; then as FG is equal 
to its oppofite EH, and this equal to AD, 
by fuppofition, the figure AG is a paral- 
lelogram by the lafl; and as both the 
angles a, i, are equal to the fame angle c, 
by Defin. of parallels, they are equal ; 
and the adjacent fides to thefe equal an- 
gles, are equal as being the oppofite fides 
of parallelograms; the triangles ABF, 
DCG, are equal in all refpefts, by jirt. 8. 
By taking the triangle ABF, from the 
fpace ABGD, we (hall have the parallelo- 
gram AG, and by taking the triangle 
DCG its equal from the fame fpace, we 
get the parallelogram AC ; therefore the 
parallelograms AC, and AG, are equal, 
as well as the parallelograms AG and EG; 
and fo the parallelograms AC and EG, 
gre equal, by jix, i, 

P R O- 
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PROtP ORTI ONS. 

4 

Definitions. 

1. Ratio^ is the relation between two 
quantities of the fame kind> in refpedl to 
their contents. 

2. In comparing two quantities tf, b, 
the firft a is called antecedent^ and the fe- 
cond 3 confequent. 

3. The ratio between two quantities, 
is the fame as the quotient of the antece- 
dent divided by the confequent. 

Thus the ratio of 20 to 5 is 4 ; that is, 
the antecedent contains 4 times the con- 
fequent; and the ratio of 12 to 4 is 3, 
or the antecedent contains 3 times the 
confequent. 

4. Four quantities a^ b, c, d^ are faid 
to be proportional, when the ratio of the 
firft a to the fecond ^, is equal to the 
ratio of the third c to the fourth d. 

The proportion is marked thus a : b \i 
c : d^ in words, f? is to ^ as r is to d. 

, 5. Quan- 
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5. Quantities are faid to be in a con« 
tinued proportion, when the confequent 
of any ratio is always equal to the ante- 
cedent of the fucceeding ratio. 

Ksm a \ b II b : c II c I df which 
fometimes is alfb marked : : a i b i c i d. 

6. If four quantities a^ b^ c, d, are in a 
continued proportion, the ratio of the firft 
a to the third c, is faid to be duplicate; 
and the ratio of the firft a to the fourth d, 
triplicate to the ratio of the firft ^ to the 
fecond b. 

On the contrary, the ratio of the firft 

« 

a to the fecond b, is faid to be fubdupli- 
cate to that of the firft a to the third c, 
and fubtriplicate to that of the firft a to 
the fourth d. 

y. If there be any number of quanti- 
ties, a, b, r, d, of the fame kind, the ratio 
of the firft a to the laft d, is faid to be 
compounded of the ratios of the firft to 
the fecond, of the fecond to the third, 
of the third to the fourth, and fo on to 

the laft, viz. j x - X ^ = j. 
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19. If four quantities a, i, c, d^ arepro^ 
portionalj the produB of the means is equd 
ta that if the extremes. 

For 7- =15 by fuppofition; if this equal- 

ity be multiplied by M we get ad = be. 

9,0. Hence i'. If three quantities^j, iJ, r, 
are, in a continued proportion, the fquarc 
of the-mean b is equal to the produ<3; of 
the extremes tf, ^ ; for <i : ^ : : ^ : r. 

;i% If four quantities tf, by c, d, arc 
fuch that the produ6l be of any two i$ 
equal to the produdl ad of the others, 
they are reciprocally proportional. 

a I . ;Frofp hence follows theib feveral 
chtJigcs of ^ifpodtion. 

Pireaiy - - - a: b :: c : d. 

Inverfely - - - b:a::Jzc. 

Alternately - - a : c :: b : d. 

By multiplication na : b :: nc : d. 

By. addition - a : a-^b :: c : c-\rd. 

By fubtraftion a : a—b :: c : c—d. 
Bycquality of ratios «+* • ^— ^ • • ^+^ • ^"^^ 
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Z2. If four quantities a^ b^ c, d, are 
proportional^ . their fquares or cubes are 
alfo proportional. 

23. If fix lines a, S, c, d, e,/, are pro- 
portional^ the fquare of any antecedent a, 
is to the fquare of its confeqi^nt b, as 
the produ(9: of the remaining antecedents 
is to the produdl of the remaining confe- 
quentSy viz. aa i bb \i ce \ df^ itnce the 
produd of the means is equal to that of 
the extremes. 

24. If there be two ranks a^ b^ c^ d^ 
and €9 by c^f^ of four proportionals, two 
by two, in which either the means or the 
extremes are equal, the four others will 
be reciprocally proportional . For bczzod 
and ef zz be, by jirt* 19 : and ad zz {ff 
by jix. I; or a : e ::/: d, by uirt. ig. 
N^. 2. 

Hence, if there be two ranks, a, b, c, 
and d, b, f, of three continued propor- 
tionals, and either the means or the 
extremes are equal, the others are reci- 
procally proportional. 

25, Two 
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15. Two ratios which are equal to a 
thirds arc equal to each other. For if 
a I b i: e if, and c : d :: e i f, then 

c i e i ji a c 7 , 

y=-., jzi-^i ^nd^zzj, or a:6 :: c:a, 
by jix. I. 

Prop. Fig. 12. 

26. Parallelograms AD, CD, ^r triangles , 
which have the fame altitude, are in the 
Jame proportion as their bafet AB, BC. 

For fince parallelograms and triangles 
of equal bafes and equal altitude^ are 
equal by Art. 18. whatever part or parts 
the bafe AB is of the bafe BC : the pa^ 
rallelograms AD and CD^ may be divided 
into as many equal ones ; and the nuni- 
ber of thofe in AD, will be to the num- 
ber of thofe in CD, as the bafe AB is to 
the bafe BC : thus if AB is to BC as 3 to 
4, the parallelogram AD will contain 
three, and the parallelogram CD, four 
equal ones : this will always be the cafe, 
whatever ratio the bafes may have. 

Prop. 



On the contrary, if patalldograms or 
triangles have the fame or equal bafes BD, 
they are as their altitudes AB, BC. This 
will be proved in Art. 48, from different 
principles. 

Prop. Fig. 13. 

27. Eqtdangular triangles have their Jidis^ 
pppqfite to equal angles, proportional. 

Let the triangles ADE, ABC, have the 
angles at D and B equal ; then will DE 
and BC be parallel by Defin. of parallels 5 
and thefe triangles will be equiangular 
by Art. 12. draw DC and EB. The tri- 
angles ADE, DEB, having the fame ver- 
tex E or altitude, arc as their bafcs,^r/. 26. 
viz. ADE : DEB : : AD : DB ; and the 
triangles ADE, DEC, having the fame 
vertex D or altitude, are likewifc as their 
bafes, viz. ADE : DEC : : AE : EC. As 
the triangles DEB, DEC, have the fame 
bafe DE, and arc between the fame pa- 
rallels, they are equal, by Art. 1 8. We 
have therefore, AD : DB : : AE : EC, 
by Art. 25, or AD : AB :: AE : AC, 
by Art. zi. N% 5 and 6. 

C It 
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It may be proved in ^e &ine muitier^ 
that AD : AB t: D£ : BC : by drawing 
DE parallel to AC. 

pRQ?; Fig. 13. 

28. Equiangular triangles ^ ate as tlk 
fquares of their Jides ffpofite to equal angles. 

Draw AF perpendicular to BQ cutting 
or meeting DE in L : then the triangle 
ADE is to the triangle whofe bafe and al- 
titude are equal to DE^ as AL is to DE^ 
by Art. 26 \ and the triangle ABC, is to 
the triangle whofe bafe and altitude are 
equal to BC^ as AF is to BC, for the 
fame reafon. But AL : AF :5 DE : BC,i 
by Art. 27. Therefore the triangle ADE 
is to the triangle ABC^ as the triangle 
whofe bafe and altitude are equal to DEy 
is to the triangle whofe bafe and altitude 
are equal to BC > or as the fquare of DE 
is to the fquafe of BC their doubles, by 
equality of ratios. 

Pkop. Fig. 14. 

29. In a triangle ACB, right angled at Cy 

» 

the fquare of the hypothenufe AB, is equal 
to the fquares of the other fides AC, CB. 

Make 
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Make the fquare ADEB, and thro' the 
right angle C, draw GL perpendicular to 
AB : then the triangles AQB,. ALC,liav- 
ing the common angle A belides a right 
kngle^ are equiangular^ j4rt. 6; aiid 
AB : AC : : AC : AL, Art. 27 ; or the 
JreClangle DL made by AB or AD and AL 
is eqtial to the rquar9 of AC, j4rt. 1 9 ; it 
is proved in the fame manner, from the 
Equiangular triangles ACB, CLB, that the 
reAangle L£, made by LB and AB or BE 
Is eqiial to the fquare df CB : and fince 
the rectangles LD, LE, are equal to the 
fquare AE i the fquare of the hypothe- 
hufe is equal to the fqiiares of Ihe other 
two fides: 



C IRC L E S: 

Dejmitidm, Fig. 15. 

A Circle is a plane figure bound by one 
continued curve-line, called circuthferencks 
being every where cq[uaily diftant from* a 
|)oirit O Within, called tenter^ 

G 2 Aiiy 
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Any line AO, drawn from the center 
to the circuoaference, is called a radius • 

Any line AB^ terminated by the cir- 
cumference, is called a chord. 
. A chord divides the circle into two 
parts AEB, ACDB, c2MLtdfegments. 

The chord CD, which paffcs thro' the 
center O is called a diameter, and divides 
the circle into two equal parts. 

Any part ABB of the circumference, 
is called an arc. 

Any part AOB of a circle, terminated 
by two radii, is called ^feSlor. 

A line which touches a circle only and 
falls intirely without it, is called a tan- 
gent. 

N. B. All radii are equal in the fame 
circle, and alfo all diameters, being their 
doubles, by the definition of the circle. 

Prop. Fig. i^. 

30. In the fame tircU» equal chords AB, 
CD, terminate equal arcs. 

Imagine the fegment DEC, placed on 
the fegment BFA, fo that the chord DC, 

5 agrees 
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agrees with its equal BA / then will the 
arc DEC agree with the arc BFA ; for if 
tlie equal chords DE, BF are drawn^ and 
alio radii drawn to their extremities^ the 
triangles ODE, OBF, having all their 
fides equal, are equal in all refpedts. Art. 
I o : fb the point E will agree w;th thepoint 
F ; and as this ^will always happen in re- 
ipe<ft of any two points equally diftant 
from the points D, B 5 every point in the 
arc DEC, will agree with every point in 
the arc BFA. 

3 1 . Hence y in the fame circkf the angles 
at the center^ made by' radii drawn to the' 
extremities of equal arcs, are equal. For if 
the arcs AF6, C£D, are equal, the 
chords AB, CD are equal, a$ well as the 
triangles AOB, COD, in all refpefts; 
and hence, the angles at O, oppofite to 
the equal fides AB, CD, are equal. 

32. The angles in the fame circle, arepro^ 
portional to the arcs they fubtend. Yot 
iince equal arcs fubtend equal angles, 
whatever ratio two arcs have, the angles 
they fubtend will be in the fame ratio. 

C J N.B. 
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N. B. Mathematicians divide tbe cicr 
cumference of a circle into 360 equal 
parts^ called degrees, each degree into 
60 minutes, and each minute into 60 ie-» 
conds. Thefe diyifions being marked oa 
a femi-circle of brafs, or on an ivory red:- 
angle, called protra^or^ ierve to meaiiuQ 
or lay down angles upon paper. 

33. Hence, the fcmi-circumference or 
the nKaiiire of two right angles is i8<> 
degrees, the quadrant or meafure of a 
right angle 90 degrees, and laftly eacH 
fingle of an eqnilateral triangle 60, being 
each one third of two right angles. 

Prop, Fig. 17. 

34. l^be angle COD at the center u 
double the angle CAD at the circumference, 
wbicb tnfijis on the fame arc CD. 

Draw the diameter AB, and the radii 
OC, OD i then as the fides AG, OC, are 

* f • 

equal, the triangle AOC is ifofbeles, and 
the external angle COB is double the in- 
ternal one CAB, by Art. 7 : and for the 
fsme reafon. the external angle DOB is 

doublet 
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double the internal oppolite one BAD : 
whence the angle COD at the center is 
double l^e angle CAD at the circum- 
ference, by Ax. 2, 

35. As an angle at the circumference 
is always half the angle at the center^ 
which iniifts upon the fame arc> and the 
gngle at the center is meafured by that 
arc; an angle at the circumference is mea- 
fured by half the arc upon which it 
iniifts. 

Hence i*. An angle at the circumfer-* 
ence is lefs, equal to^^ or greater than a 
right angle^ according as the arc upon 
which it infifts Is lefs^ equal to, or greater 
than a femi-circumference ; or which is 
the fame» according as the fegment in 
which it is contained is greater^ equal 
to, or lefs than a femi-circle, 

7^. If the line AC, moves about A as 
a center, till it becomes a tangent to the 
circle at A, fuch as AL 5 the angle L AC| 
made by a tangent, and any chord AC, 
will be nieafured by "half the arc AC, 
germinated by that chord. 

C 4, P«op. 
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Prop. Fig. i8, 

36. i/* two lines AB, CC^ interfeSl each 
other y within or without the cihle^ the 
parts terminated by the circumference and 
t he ^ point of interfeStion^ are reciprocally pro^ 
portiqnal. 

Draw the lines AD, BC : then the tri- 
angles EAD, ECB, having the angles z% 
D and 6, which infift upon the fame arc 
CA equal» and the angle £ comn^on^ are 
equiangular: and A£ : C£ :: ED : EB, 
by jirt. 27. 

If the interfedion is witljin the circle, 
as at e^ the triangles D/C, B^A, are equi^ 
angular, and D^ : Bf :: K! : eKk 

POLYGONS, 

Definitions. 

A polygon is faid to be infcribed in a 
circle, when all its angles touch, or are 
in the circumference ; and circumfcribed, 
when all the fides touch the circle. 

When all the fides of a polygon are 
equal, as well as its angles, it \% faid to 
)>e regular; 
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Prop, Fig. 19, 

37. Equiangular Polygons^ infcribed in 
circksf Or arcumfcribed^ are protartumal to 
the fquares of the radii. 

Draw radii to the extremities of the 
fides, which will divide the polygons into 
as many triangles as there are fides j and 
thofe in the one will be equiangular to 
thofe in the other : and the equiangular 
triangles AOB, COD, are as the fquares of 
the fides AO, CO, oppofite to equal an- 
gles. Art. 28 : and the number of trian- 
gles in the one, is equal to thofe in th« 
other; the polygons themfelves are, by 
Art. 2 1 , N^ 4, proportioned to the fquares 
of the radii* 

38. T^befum (f the Jides of equiangular 
inferred or circumfcribed polygons^ are pro- 
portional to the radii. 

For the fides of equiangular triangles, 
pppofite to equal anglest are proportional, 
by Art^ 27; the radius AO i$ to the radius 
pp, as the fide AB is to the fide CD, or 

at 
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as all the fides of one polygon are to all 
the fides of the other. 

39, The areof of circles are proportional 
fo the fquares of their nf4ii* 

As circles are the limits of all inicribecj 
and circumfcribedpolygonsi andthegreat-i 
eft polygon that can be infcrihedj^ and the 
Ipail that can be circumfcribed^ differ by 
a quantity lefs than can be conceived ; and 
as thcfe equiangular polygons, arc always 
proportional to the fquares of the radii j 
the circles their limits mufi: be in the 
fame proportion. 

40. The circumferences of circles are pro--^ 
portional to their radii. 

Since the circumference is the limit of 
the fums of the fides of infcribed and 
circumfcribed polygons j and thofe of the 
grcatefl: that can be infcribed, and the 
ieaft that can be circumfcribed, differ by 
a lefs quantity than can be conceived ; and 
as the fum of the fides of equiangular 
polygons, are as the radii, Art. 38; the 
Circumferences their limits muft be ir\ 
the fanie proportion. 



41. As the area of ^ polygon is ecjual 
t& the produdt of the fum of the iides^ 
and half the perpendicular to one of the 
fides ; fo the area of the circle which i$ 
the limit, of the infcribcd and circum- 
fcribed polygons, will likewife be equal to 
the prodiKflof the circumference and half 
the radios. The fame thing is true in 
legard to any iedof . 

PENERAL INVESTIGATION, 

Definitions 

The general term of a ferics, i$ fuch ai;^ 
expreffion as is cpmpofed of one' varia-* 
ble, and one or more conftant quantities, 
^hat by writing i, 2, 3, 4, &c. for the 
variable quantity^ it becomes the firi^^ 
fecond. third> fourth, &c. term of that 

feries. 

Thus z is the general |crro pf the ferics 
I, 2, 3, 4, &c. of natural numbers, fince 
by writing any number for 2?, it gives 
that term of the ferics : i +22? is the gc- 

neral 
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Bcral term of 3» 5^ 7^ 9. &c. for when x 
is I9 2^ 3* &c. you get the firft, fecond^ 
third term ; and zz^ is that of 2, 4, 6, 8^ 
for the fame reafon. 

Prop. 

42. If z exprejfes the number of terms 
rf a feriesy wbofe fum may be exprejfed by 
the produ£l of any number of faBors^ fucb 
as z, 2J + lf)2? + 2; wbicA exceed each other 
by unity, to find the general term from the 
fum: 

{t is evident, that if the variable quan- 
tity z, be dimini(hed by unity in the fum , 
that f«m will be diminiihed by the lail 
term, and the fum thus diminiihed, fub<- 
fra£tedl from the firft fum^ will be the 
general term required. 

Example. \i z.z-^x \^ the fum of 
z terms of a fcries 5 by writing z — 1 for 
z, we- get z — 1.5;, and this fubtradted 
from z .z\\^ gives zz for the general 
|erm. 
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N. B. The points between the fadocs 
fignify multiplication : thus 2; . 2; + 1 • 2; -f 2$ 

fignifics zxz + i Xz+2. 

If 2; . z + 1 . 2; + 2, be the fum, by 
writing 2; — i for2r, we gctz — i.«.2+i, 
and this fum fubtraded from the firft» 
gives 3 2;.x? + i; if 2^.2; 4.1 .2?+ 2 .2?+ 3 
be the fum> by writing z — i for », we get 
2^—1 . 2? . 2? + 1 • 2? + 2 5 and this fubtradted 
from the former gives /^z .z-^i • 2; + 2, 
for the general term. If the number of 
fadoirs be what it will^ the general term 
will always be found in the fame manner* 

Hence to find the general term of a 
feries from the fum^obferve the following. 

I. General Rule. 

43. Multiply the fum by the number ^f 
fa&orSf andftrike out thehftfaSor. 

N. B. Whether the fum is multiplied 
by a conflant quantity^ or the factors in- 
creafe or decreafe^ the rule is the fame; 
provided the value of z be increafed when 
the fa<ftors decreafe, inftead of being di- 
miniihed^ and the firfl: fum be fubtra£ted 

£> m the fecond. 

For 




I • 
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For a«?.» — I, gives T^azi az.k^i: 
if— 2i; gives ^ofi.z — i; and az.z — i : 
i; — iiz-^^i gives 4^ ;s; — r,z — 2. 

On the contrary; filKe the genehil terni 
ijf a fericS is foand by mdhiplying the 
ium of <he fadtofs by the numbetof them; 
and itriking but the laft fadtor ; to firid 
ihe fum of a feries ftom its general term; 
obferve the following; 

IL General Hule. 

44« &creqfe tbefaBors by Me mm^efac^ 
tdri and ^hidt if tie itumkr ^ffaBcri 
tbui tHa^eafsJi 

Thus the geii^ lerm az; give$ \azr . 
Z + ii fortheinnifs dsiiz-^i gives 4^2;; 
ij + i.z + aj the general term a + z; 
gives iKS+^^^^+^i >nd a+$sz; gives 
nz-k-in^.z+i: Whether the general 
term confifts ef bffe ot likof6 parts, the 
rule will be th6 iaiae f6r each part, aod 
their fomi added together,' the whole 
fum. 

JV: k When thi firft Value of the va-; 
iiable quantify z vk totty, Ibe hOiofi of 

ili0 






iiim will be of aii increafing progrcf* 
£011^ and wkesi that value is o^ of a dt^ 
tnafing oaei T!hus in the general term 
ia+nz^ the fitil value df « will be unity^ 
irdien tlie firft term of the feries ha^m 

hut o wheal the fif ft tenii is ^i 

* 

45. When the. coinmon difftrcnce h6^ 
Iweeh the fadfcors vaniflies^ or becomes o'i 
ihe quantities become continued, fuch as 
lines^ iurfaeesi and folids i and Ihe two 
preceding general rules remain the fame. 

For the fiira Zi'z^ii becomes 2^; 
itnd its general term iz remains the fame i 
the fum ZiZ-^i .« + 2i becomes 2;^ and 
its general term 3« i « + 1, becomes -^zzi 
and in general the fum if gives »«""% for 
its general term; 

Though the tranHtton front difcontinued 
to continued quantifies is irery natural, 
yet as fbme readers may not perhaps 
readily perceive the connexion, we fhall 
endeavour to explain it by the -Fig. 20; 

Divide the line AE into any niimber of 
equal parts; at the points of divifion eredt 

5 the 
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the perpendiculars Bk^ C/, D)9f^ £>k» to A£^ 
and let thefe perpendiculjBtrs exprcfs the 
terms of the feries : Then the difference 
between the fums of all the terms^ ex** 
cept the lafti and the fum of all the terms 
gives the laft term ^n^ whatever the quan- 
tities are, whofe ratios arc exprefled by 
an arithmetical progreiiion. 

Now» if the terms are fuperficial^ each 
term ireprefents a certain number of fu- 
perficial units^ and when their interval 
vanishes, the area AnE, will exprefs their 
fum, and when the terms are expreffed 
by ibiid units^ the fum of all the terms 
will be found as ufual: but when the 
common difference between the faiftors 
vanifheSy the fum will exprefs one con- 
tinued folid. Thus for example ; if the 
terms reprefent the different horizontal 
ranges of a pile of (hot, the fum will give 
the number of {hot of that pile; and 
when the common difference between 
the fadors vaniflies, the fum will give the 
content of the folid of that figure. 

Otherwifc 



p 



General Inveftigation^ J3 

Othcrwife. 

Suppofe the furfacc A»E, defcribed by 
the motion of a line AT perpendicular to 
AE, then the difference Dm»E between the 
ipaces A«E> ArnD, divided by the differ- 
ence DE between the bafes^ will give a 
quotient lefs th^n E^^ and greater than 
D/te. For the reftangle of D£ and E« 
will be greater, and the reftangle of DE 
andD/tt lefs, than the fpaceDw, or the reft- 
angle of the quotient and DE : and thefe 
rectangles having the fame bafe DE, are 
as their altitudes : when DE vanishes, the 
quotient which is lefs than E^, and greater 
than D/», will become equal to "En^ or 
to the general term required. 

46. Hence, it may be proved in the 
fame manner, that the general term of 
the folid defcribed by the area A17E about 
the axis AE, or about AT the perpendi- 
cular to AE, is the furface defcribed by 
£» in that revolution : Since the iblid dc- 

• 

fcribcd by the difference Djw;«Ei divided 
by DE gives a furface, which, when DE 

D Vanifhc* 
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vanifhes, becomes that dffcribed by C/f 
for the general term* 

By an example we (hall ihew» that 
the latter way of finding the general fierqn^ 
agrees exadjy with the former. \M 
AX^zuxp A£=2;, and si^ exprefs the arei 
or folid A/iE : then by the iaaif roEifoOt x\ 
exprefles the area or folid hn%l\ ^d th9 
difference z'^-^x^^diyiAtd by the difference 
«— Af, gives ;^«+»^+w; which* whpn 
the difi^^rence z-^oi vanifhes/ b«coi&e9 
^zz for the general term of the ium z\ 
which is thf faine aa before. 

N. B. It is tp be obfervcd* that tiw 
general term of a &ms, tmx& a^lwayis be 
expreffed by the variable baie and conftant 
iquantitifis,. free from. . funis or irrational 
qua(ntities^ ; £nce the foregoing rules 
depejad upon this fuppofition. 

PliOP. 

47. hnt the feriea be the ttrithmetical 
progreflion a, a+n, a+zH, a+^ttf &c. 
whofe general term is a+nz, and 
Oj~ I* 2> 3t the values of z, which be- 
ginning 
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t 

^iiloiag with o, fbews that theikdlors 
ttxuft di^reafe^ by the ohfervatioa after 
>€r^; 44; I^^iKe b^ the general rule^ 
Art. 44. wc get azAiMii.Z'^t for t^e 
tfuoi of /e; tercps. 

j|^^t;Qj)]c; rif /the feries be the natural 
hAiqibers i> 2, 3,4^ 5, then will a=n=x^ 
and «the fum bec^i^s x;^; • 2; + 1 : or if 2; 

15,29, th^^ ^9^XS P^ 43S ^^ the fum of* 
fig t^rms; 

Jf ttie (erics Ijethp pdd;fttimbers 5^ 7, ,9 i 
thep A— S» «F;2* f^id 5Z.+2? . 5;— I is the 
ium; or 2;.;55+4, when reduced, if 
J8:tr20j then 20X24, or 480, is the fum 
of 2b terms. - 

jf the feries be the even numbers 
.** 4^6, 8; thentf=:a=:2,and22?+2;.2;--i 
is the fum ; or z.z + i, when reduc^di 
and if 2; =26, then 20x21, or 420, is the 
fum of 20 terms* 

FkoPi Fig. 21* 

.48. ^VV^hen.the 4i£fcren?e between tjb^ 
fad^ors v^^ifiihes^ jijbe/ujFn^+j«f5.J2.r-.i# 
bcq9rr{%3 fi^-^^nzz, which ^cjfprefles.t^c 

D 2 a^ea 
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area of a Trapezium ABCD^ whofe op- 
polite fides ' AB, DC are parallel, and 
AB=^, ^Ytiiz^ \yC—a+nz, or the ge- 
nera] term. Hence, 

i\ If tf be made o, the fam becomes 
i^zzy which exprefles the area of the tri- 
angle LCD, whofe altitude LF is z and 
the bafe CD, nz, or the general term. 

2®. When n is made o; then the fom 
becomes az ; which exprefles the area of 
a rectangle or parallelogram ABGH, 
whofe bafe AB is a^ and altitude £F is z. 

N. B. It muft be obferved in general, 
that n exprefles always the ratio of the 
bafe to that part of the perpendicular, 
which is to be. added to the part a, ia 
order to make up the whole perpendicular, * 
or the general term. 

Prop. 

49* Let the feries be the fquares of the 
terms of the following arithmetical pro- 

greffion a, a+n,a+2n,a+2^» ^^* whofe 
general term is aa + 2anz + nnzz, the 
fquare of a +nz', and o, i, 2, 3, the 

values 
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values of z. Now the fum of the two 

£rA terms aa+znaz^ is aaz^anz .z^if 

. "by ^rt. 44 5 and as zz=z+ZMZ^if 

whofe fum by the fame Art. is iz.z-- 1 + 

4^.2? — 1.2;— 2, or t2;. 2;— 1 .22?— i,whca 

reduced under the fame denomination; 

this laft fum being multiplied by nn, and 

added to that of the two firft terms^ gives 

the fum required, viz. aaz+naz , 5?-^- 1 +^ 

innz.zr^i . iz-^i. 

i\ Hence, when «35i, the fum be* 
comes aaz+az .z -ri +i2;.2?— i.22;^ii 
which is the number of (hot contained in ' 
an unfini(hed fquare pile» 

2°. The trapezium of fliot, whofe upr 
per bafe is a^ and the corner row z^ is by 
Art. 47, az-i^iz.Z'-^t^ and if m denotes 
the number of trapeziums, then their 
fum will be maz+imz.z-^iii which 
being added to the fum of th? unfinilhe^ 
fquare pile, gives the fum of an unfini(bed 
reftangular pile, whofe fides of the upp^r 
\f^(c are a and a+m. 

P 3 Qfi« 
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General Rule for unfinifhed Piles. 

Ta twice (Be length dn4 breadth if the, 
t^tr bdjii add the corner row Irfs one j t€( 
the pf-oduB of thejk tw nambers add on^^ 
third of the produSt of the corner raw leji 
ine^ b^ the forner row more one j 

And multiply the fum ^ onse fomtb part 
gf the cornet row* 

For the pro3u6l ^f 2<>+«t-i hy ^a-^: 
zM+z-^ r/ &dded to the produflE t2— i • 
k+is and fntiltiplied by ^z, gives the 
furii propdfcd. 

I*. Hence, when the rectangular pile 
IS compleat ; theh a becomes unify, and 
If /^ -i- /« rr 3, the fum becomes 3^ + 2.2f— 1 X 
by-r^.^+i. 

i^ When j5, is nnity^ then yz.z-hi* 
2z+lj will be the fum of a compleat 
fquarc pile. 

3**. When *=o, and the fum fpund 
f>y the general tule, is divided by 2 ; i^ 
)vill become the fum of an unfinifhed tri-y 

angular pile ; and iz.z + i.z+i, vvill be 

< 

\\k Aim, wheel the pit$ is compleat. 
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Thefc three cafes might htive been in- 
veftigated feparatelys the fecond from 
the feries of reftangles ab^ a + i .6+1, 
^+2. b+2, &c ; and the third from kh^t 
of triangles ia.a+i^ ia+i.a-^ii Scci 
but as this has been done ab^ady in ouir 
artillery; it will be needlefs to explain 
them any further, 

« 

s^ Definitions. 

A pyramid is a folid whofe bale is any 
plane figure, and terminated above in a 
point, as marked by the letter A. 

When the bafe of a pyramid is a circle, 
it is called a cone ; as marked 6. 

A prifm is a folid whdfc oppofite bafes 
are two equal and parallel plane figures, 
as marked C, 

When the oppofite bafes of a prifm are 
circles, it is called a cylinder , as marked D. 

AJpbere is a folid, defcribed by a femi* 
circle, about its diameter as an axis. 

Any part of a fphere terminated by a 
fifcle perpendicular to its axis, zfegmenf^ ' 

P 4 The 
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The upper point of a pyramid or cpno 
is called the vertex. 

The perpendicular diftance between the 
vertex of a pyr^mic} or cone, and the bafe, 
or between the upper apd lower bafes of 
^ prifm or cylinder^ is cajled the altitude. 

Prop. Fig. 21. 

50. When the difference between the 
ifadtors vanifhe^, the fum found in ^rf. 49, 
becomes naz+afizz+rnnz^i which is the 
content of an upfinifhed f(|uare pyramid, 
whofe uppef bafe yV3 is ^^^ altitude £F 
is z. and lower bafe CD is the fquare of 
a+nz, or the genepl teri|^. 

If we make 6:z:a+nzi then will ^^m 

aa+2 anz -f nnzz^ and aizzaa+ anz; hence 

- ■ •• • 

aa+ab+bbx by 4^, will be the content 
of this fplid. But circles^ and all egui*' 
apgular infcribed figures in ci^-cles, are as 
the fquares of their radii \ all ynfiniihed 
pyramids or cones, are equal to the /utjt 
of the oppofite planes added to a mean geome^ 
trical plane between tbem^ and the fum mifl-' 
(iplied by one third tf their altitudes. 
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I*. When J =10, then will \bbz be the 
funi^ which is the content of a compleat 
pyramid or cone LDC, eqiuil to the produS 
of its bafe bb multiplied by one third of its 
fdtittide z. 

2*> When «22o 5 the fum then becomes 
aaz, which is the content of a prifm or 
cylinder ABGHj eaual to the produdl of its 
bafe and altitude. 

Prop, Fig. 22, 

5 1 . Tofnd the content of a femt-J^here^ 
defcribed by the quadrant OBA about the 
flxis OA, 

Draw PM perpendicular to OA, make 
the radius 0A=^, OP=;if, and PM=jij 
then the right angled triangle POM gives 
yyzzaaTX^% by Art. 29 ; and if the ratio 
pf the radius to its. femi-circumference is 
as unity to r i then unity is to r as the 
radiu? PM (y) is to ry its fcmi*circum- 
ference, by Art^ 40 j and as the area of 
{L circle is equal to the produd: of the ra-- 
dius by half its circumference^ by Art. 41 ; 
]pr<j Ihall bav? yKryQTryy, for the circle 
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4efcrlbed by the radius PM. This area 
or its equal roa^rxx, being the general 
tetmt by Art. 46. of the folid dercribed 
by the fegment OBMP of the circle, 
that folid will be raax—^x^, hyjirt. 445 
and when OP becomes OA or x=a, we 
get rra^i for the content of the femi'* 
ijphere, 

52. Hence, as the content of a €ylii>« 
der, whofe bafe is raa^ and altitude a, is 
ra^, by Art. 5Q, N^ 2, and that of a 
cone of the fame bafe and altitude as thofe 

• 6f the cylinder, is \ra^^ by the fan^e atw 
tide, W. I : Th? circumfcribed tylift-^ 

r<)er, femi^fphere, and infcribed cone^i are 
to each other, as thie numbers 3, d, i. 

53. Since the content of the cone di^ 
. fcribed by the triangle OPM it ^fxyy, or 

its equal iraax-^irx^ ; the difference be^ 
tWeen the folid raax*-^rrx'^, defcrihed by 
the fegment OBMP and this cone, give^ 
^rffox for the content of the folid, defcribed 
\yy the feftor JJOM, about the axis OA. 

54* If the radius OA {a) be fuppofed 
variable; then th.? (atfa?e defcribed by 
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^Iw arc BM, will be the £cner^ ^i m of 
>he folid <fefcribed by the fedor BOM, 
Jyy Art. 46 ; and fince all the triangles 
DPM, made by the perpendiculars drawft 
from the extremities of the radii OM to 
^he J)afe OA, are equiangular ; OP wilj 
be in a conftant ratio to OM: let this 
ratio be na'=='S^ : then the folid \raax 
^ill be equal to ^rna^ ; and as a is vari-- 

able, gives 2r//^^ for the furface defcribed 
by the arc BM, by Art. 4 3 > or becaufe 
fid:==-x, that f^rface becomes irax: and 
iVhen itxt^f^ we g6% 2faa f6t the furfaqe 
of the femi-fphefe, 

55. Since the content of a cylinder 
whole bafe is raa and altitude 6, is raa6^ 
by Art. 50. JN*. 2 : when a is variable, 
^e get 2ra^, by Art. 43, for the general 
^erpi« or the Ibrface of that cylinder, by 
\Jrt. 46 i which when i becomes a, will 

be 2rad^ equal to that of the femi-fphere; 
and when ^ become^ x, it will then 
l>ecome 2rAx^ ?q^^ to that defcribed by 
the arc BM, corresponding to the altitude 
pp, of the cylinder. 

Prop. 
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Fr OP. rig. z». 

56. 7i Jmd the content of the -drculap 
figment OBMP. 

Let the radius OA be unity, and OPzzj^^ 

then will PM=y/i — atat, be the general 
term of that area ; which not being ex-r 
preifbd according to the foregoing rules» 
the fc^uare root muft be extracted by' the 
common rule of Algebra, which gives 

PM=i~-^-^-.f^-8pc.fprthe 
general term ; whofc fum or area, by Art. 

44, IS, X— -r- — — — ' r-2 &C. 

^T^' 6 40 112 1152 

As this feries converges but (lowly uixr 
lefs X is very fmall, wq muft find the 
area of the fcdlor BOM. Since the area 
of the triangle 0PM is equal to half the 
produft of its bafe OP, and altitude PM, 

^ X X^ X^ X^ KX^ ^r* f • 

qr to rr — r — '-2 ? — ^; this hemg 

^ T' 4 16 32 256' '^ 

fubtrafted from the area of the fegment^ 
givcs^ + fi + |^ + 5fl+35fl, for the 

O 2 12 ^O 224 2302 ■ 

grea of the fedlof : but if the a^c 

m 
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BM be called zi then will |^ be al/b 
equal to the fame fedlor: confequently 
the equality of thefe two values gives 

6 40 112 1152 

If a:=.Xy izziaxx, e—^bxx, ii=icxx, 
e:=:TJxx, &c. then will 2j=^+4^+t^+ 

Hence, if the arc BM be 30 degrees, 
its fine X will be equal to half the chord 
of 60, that is, x=i; and hence ^=:t, 

A- 4 c-^ >/-.if ^-Z£ /--Si rr-ll^ 

i&=: i^, /= 2^; and thefe values reduced 
into decimals, give, 

a) . 5 and . 50000,000 

S) ^0625 2083,334 

r). 01171,875 234,375 

^), 00244, 141 • 34»877 

0.00053,406 5,934 

^.00012,016 ^^093 

^). 00002,7 54 212 

A) •00000,639 43 

;).ooooo,i49 9 

Now 
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Now the fum * $^259*^77^ bciiig Hid 
,fixth part of half fhe circuoifereQce^ 
^hich therefore multiplied by 6; ^ves 
3.14159,262, for half the circumfer- 
ence, whofe radius is unity, true in all 
its places, excepting the laft 2, which 
ihould be 5. Hence, the radiu^ is to 
half its circumference, or the dianaeter 
to .the whole, circumference, as unity is to 
3.I4I59265. 

If the diameter of a circle be ji thcf 
circumference will be 21.99^ or 22 pearly^ 
which is the proportion of Arcbimedesi 
But if the diameter be 113^ the circum- 
ference will be 354.9999 or 355 exceed-* 
JOgly near^ which is that of Sf^Uiusi 
Having the circumference expre£[ed by 
parts of its diameter^ any arc may be ex- 
preffed in the fame manner^ wh?n the 
number of degrees it cpn(ain9 are kpc^wn^ 
by faying 180 degrees is to the number 
of degrees of the arc, as 3-I4I59. fee- 
is to the parts required* The arc being 
^xprefled in parts of the diameter, the 
fedor and fegment may likewife be found. 

Greatest 
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Greatest and Least Quantities. 

If an Q¥pfei£io94 ccMsapokd q( one va«* 
riable quantity and its powers, with con«^ 
ftant co-efficientSy be inch ; that when th^ 
variable quantity increafes, the value €>f 
the exprej0ion increaies for a while> 9nd 
th«n d«creaiiesj) it ba^s a value greater 
than the reft ; oc if the value deereaiea 
for a whiicy mA increaiiea afterwards* 
while the variable quantity increafes* it 
ha& a value lefe than any otliec i wbidi 
values we arq to find. 

Prop. 

57* ^ofind the great^ and kafi quanti^ 
ties of a giwn e^re^on^ 

Since the expreflioa contains a greater 
or leaA value by fuppofition, it n»uft have 
values 'm its increafe, before it becomes 
the greateiljt wht^h are equal to thoie ia 
its d^re^e aft^r t^e greateft : or if, the 
expreflion contains a leaft value, it oiuft 
hav^ values in its decreafe, before it be* 

comes 
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comes the leaft, that are equal to thofe id 
its increafe after the lead. 

If, therefore, we fuppofe two different 
values of the variable quantity, which 
produce the fame or equal values of the 
expreflion ; then their difference will be 
equal to o, and when divided by the dif- 
ference between the two values of the vari- 
able quantity, it will ftill remain equal 
to o : and when the two values of the 
variable quantity are made equal, we 
fhall have that which makes the expreffion 
the greateff or leaft required. 

But we have (hewn, after Art. 46, that 
the difference between two expreffions, 
being divided by the difference between 
the two variable quantities, and fuppofing 
them equal, the quotient becomes the 
general term. Therefore, the general term 
of an exprejjion being made equal to o, w/// 
determine the value of the variable quan* 
tityf which makes the exprejjion the great e^ 
or leafi. 

. 58. Hence, if the variable quantity 
has but one value, the expreflion has but 

one 
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biie greateft or leaft ; and if it has more 
than one, the expreflion has greateft and 
leaft values alternately; but fometimes 
the leaft between two greateft is o or ne- 
gative, and the greateft between two 
leaft is infinite. 

N. B. When the greateft or leaft is 
found, to know which it is, take any two 
Values ibr the variable quantity, one 
greater and the other lefs than that 
found; then if both values of the ex- 
preflion thus found are lefs, the quantity 
will be the greateft, and if both arc 
greater it will be the leaft. 

Examples. 

59. Tt? divide a given line 2a into two 
parts, fo that their produSi Jhall be the 
greateji. 

Let X be one of the parts, then will 
ia^oc be the other, and %ax--xx the 
produft, which is to be the greateft; 
whence by the rule in Art. ^j. its gene- 
ral term muft be equal to o : which gives 
2^— 2a:=:o, or Ar=^, by Art. 43. 

E Hence, 
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Hence, when the given line is bifeded, 
the produdt will be the greateft. 

When X is made equal to 2a or o, the 
expreflion 2ax--xx becomes o 5 which 
(hews that the quantity found is the 
greateft. 

60. To divide a given line 2a equally and 
unequally^ fo that the produSi of the unequal 
parts multiplied by the middle part Jhall be 
the greatejl. 

Let X be the middle part, then will 
a+x and a-^-x be the unequal ones, and 
aax--x^ the produd, which is to be the 
greateft j and hence by j^rf. ^j and 43, 
we get aa—^^xzzo, whofe roots are 

X'=:a%^^, and x^—ax/^. 

Now when x is lefs than a, the pro- 
duQ: aax—x^f is the greateft; becaufe if 
X is equal to a or x, the expreflion be- 
comes o. 

But when x is greater than a, the root 

x:=: —a^^y ftiews that the expreflion can 
have no leaft, and therefore the greateft 
we have found is the only one the ex- 
preflion can have. 

5 61. 7i 
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Great eft and Leaft^ 5 x 

61. T^o divide a gifuen line a into two 
parts, fo that the fquare of one multiplied 
by the other Jhaltbe the great eft. 

Let * be one of the parts, then will 
tf — X be the other^ and axx—x^ the pro- 
dudt, which is to be the greateft : hence 
we get 2ax—2XX=o, by jirt. 43, or 
2a=2X : which (hews that if the line be 
divided into three equal parts, the pro- 
duct of the fquare of two thirds multi- 
plied by one third, will be the greateft. 
For when x is equal to a or o, the ex- 
preflion becomes o. 

Thus, for inftance, if a number 12 be 
divided into three equal parts 5 each will 
be 4 ; and the fquare of 8 multiplied by 
4, gives 256 for the greateft produft. 

Moft of the mechanical problems that 
I have met with, are folved by the preced- 
ing examples, as may be feen in my works; 
and as they are fufficient to explain this 
extenfive method, we fliall fay no more 
qf it. 
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LOGARITHMS. 

62. 7J? Jind the ratie of any two given 
numbers n and m. 

By the definition of compound ratios^ 
the ratio of n to m, is compoulided c^ ali 
the intermediate ratios that pofTibly can 
be between thefe two numbers j and the 
ratio of any two numbers is equal to the 
quotient of the antecedent divided by the 
confequent. Hence if i + at be any num- 
ber between n and m i then the ratio ©f n 

to I +^, will be expreffed by -^ ; which 

« 
therefore is the general term of the fum 

of all thefe ratios* 

Now by a continual divifion of n by 
1 +a:, we get «X by i — x— ata:— x^— at*— 
&c. whofe fum by Art. 44. is « X by 
X— ta:x— 4x5— ^x4_4^5-.^ &c. 

If be the ratio, then by the fame 

manner of proceeding as before^ the fum 
will be /I X by X + tX* + tx3 + tX^ + tX^ &c. 

Becaufe 



Logarithms. 5^ 

BeCaufe the ratios of a rank of geome- 
trical proportionals, fuch as I9 z^ %^y z^g 
fs^; &CC. are in an arithmetical progreilion, 
they are called the logarithms of thefe 
proportionals; whofe properties are» 
that in/lead of multiplying ' and dividing 
any two numbers^ the fum or difference 
of their logarithms, will be the logarithm 
of the product or quotient ; and inftead 
of fquaring and cubing any number, 
^wice or thrice its logarithm will be the 
logarithm of its fquare or cube ; likewife 
one half or one third of the logarithm of 
any number^ will be that of its fquare p 
cube root. 

J63. Hence, if the logarithm of i — x be 
fubtraifled from the logarithm of i + x, 

we get the logarithm of —^ ; but the lo- 
garithm of I —X being lefs than unity, is 
negative, its poiitive value muft be added ; 
which gives 2nX by x + ix^ + rx^ + tx'^ + 
4^+, &c : or if n =3 znXf b = axx^ 
r=^xx, d^zcxXf &c, that logarithm will 
be a+\b+\c+U+ &c. 

E 3 As 
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As the number n may be more or lefs^ 
there may be various logarithms ; when 
n is unity, the logarithms are called na« 
tural or hyperbolic: but as it has been 
found convenient, that the logarithm of 
I o fhould be unity ; the number n muft 
be found in the following manner. 

Let p be the natural logarithm of ^ and 
q that of ii4 : then will 10^ + 35^ be the 
natural logarithm of lo. For if x be the 
logarithm of 2, and y that of 5 ; then as 

, twice the logarithm x of 2, 
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fubtraftcd from y that of 5, will be equal 
to p that of ^, or y'-2x—pi and fince 

L- == -r5 , three ixmts the logarithm^ of 5, 

fubtraded from 7 times x that of 2, will 
be equal tp the logarithm q of ^4> or 
7>r — 3^ = q. Now I o times jf — 2x =p gives 
10^ — 20x=io^, and 3 times yx-^^y^q, 
gives 2ix—gyzz2q; and thefc two laft 
equalities added gives x+^ =10^ +3^. 
64. To find the natural logarithm of 

4 l^^' 

By 
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By crofs multiplication we get, 5 — 5X'=: 
4+4^, or x=^i and this value wrote 
into thofe of a, b^ c, J, gives azz^, 

6=^^, c=^^j d=^, &c, which being 

reduced into decimals give, 

•22222,22222 (tf) and .22222,22222 

27^»34843(*) 9^44947 

3,38702(0 67741 

4i8i(^) 597 

52 (0 ^ 

•223i4,355i3i=;> 
a.a3i43>55*3=io/^ 
65. 75? ^;»</ /i&^ natural logarithm of 
128 _ 1+^ 
125 "" I—* • 

By reducing this equality we get ^=r|:; 

and hence 4r= — ; by this means the va- 

lues of b and c arc found, and being re^ 
duced into decimals give 

.02371,55150 and •02371,54150 

33345 11^15 

5 1 

.02371,65266:=^. 
.07114,95798 = 3^. 

hence io/>+3y=i2. 30258,50930=: log. lo. 

E 4 _ As 
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As this logarithm multiplied by n is 
equal to unity the tabular logarithm of 
20 i by dividing unity by this logarithm^ 
we get ;^= 0.43429,4482. 

Hence, if the natural logarithm of any 
number be multiplied by the number n^ 
the produd: will be the tabular logarithm 
of that number, and on the contrary, 
if the tabular logarithm of any number 
be multiplied by the natural logarithm 
X 2.30258,5093, the produft will be the 
natural logarithm of that number : this 
lail rule is very uieful in the higlier parts 
of mathematics, 

66. Tojind the tabular logarithm of g. 

Suppofe~=^^; then will x—^^ 

a:z: --yizzaxXy c=bxx,Jzzcxx; bywrit* 

ing thefe values into thofe of <z, b, c, 4f 
when reduced into decimals we get 

.•<?457^6?o86 and .9457^,512086 

12,66349 4,22116 

3io8 702 

IP 2 

*S>4575»7490^=I^-V' 

As 
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As the logarithm of 10 is uoity^ and 

IP divided by V &^^^ 9 > '^^ logarithm 
juft founds fubtraifted from unity, gives 
0.95424,^5094 for the logarithm of 9 ; 
and half the logarithm of 9, gives 
0.47712,12547 for the logarithm of 3, 
the fquare root of 9. 

67. ^ojind the tabular logarithm of 8. 

Suppofe IJ ^ jS^ '^^^ ^^^^ ^= ITi^ 

/tf— ;t7, b=axx^ and •00539*4965^5 . 
**^* 693- / 

•00539,50318 < 
This logarithm fubtra^cd from twice 

the logarithm of 9, gives 1,90308,9987 

for the logarithm of 80; and unity 

fubtraded from this laft found, gives 

^90308,9987 for the logarithm of 8. 

One third of the logarithm of 8, gives 

^30 1 02^99956, for the logarithm of 2 

the cube root of 8 j twice the logarithm 

of 2, gives •45I54j49935> for that of 4, 

and the fum of the logarithms of 2 and 3, 

gives .77815,12504 for that of 6, 
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68. ftojind the tabular logarithm of 7* 
Suppofc ^ = ^— ^ , then will atzz-^-, 

nz: — , and b—axxi and thcfc values 
97 

reduced into decimals gives -00895,45254 

3£72. 

•00895,48426 
Now bccaufc 6x8=: 48; the fum of 
tlie logarithms of 6 and 8 taken from the 
logarithm here found, gives i .690 1 9,6080 
for the logarithm of 49; and half this 
gives 0.84509,804 for that of 7, the 
fquare root of 49. 

In the fame manner may be computed, 
all the logarithms of the prime numbers, I 

when thofe of the even ones next belpw j 

and above are known. For in any three 
numbers which exceed each other by 
unity, the fquare of the middle one ex- 

m 

ceeds the produft of the other two by 
unity, and their difference divided by 
their fum, will be always equal to the 
value of X. Thus to find the logarithm 
of the next prime number 11, whofe 
fquare 121 divided by the produft 120 

of 
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of 10 and 12, gives 444; whofe logarithm 

is found by — = ^^ — ^, when xn -i-; 

^ 120 I — x^ 241 

to which if the fum of the logarithms 
of I o and 1 2 ire added^ then half the 
fum will be the logarithm of 1 1. Again 
the logarithm of the next prime number 
13, is found by dividing its fquare 169, by 
the product 168 of 12 and 14; and find- 
ing the logarithm of the quotient^ when 

xr= — , proceed as before; and fo on in 

regard to all the reft : It may be obfervcd 
that the logarithms of large numbers are 
computed by fewer fteps ; and when they 
exceed 500, by addition and fubtradion 
only. 

TRIGONOMETRY, 

Is the fcicnce by which the fides and 
angles of a triangle are computed, when 
any three are given, of which there muft 
be one fide at leafl:. To do this it is ne- 
ceflary to divide the circumference into 
degrees, minutes, and feconds, as well as 

to 
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to compute certam lines drawn without 
and witJiiQ the circle. 

Definitions. Fig. 23. 

The perpendicular PM to the radius CA^ 
i€ called thrf^^, of the arc AM ; as likc- 
Vife that of its fupplemcnt to half the 
circumference. 

The part CP of the radius between 
4]i? ceHQter an4 tjbe fine^ i$ called cofine Qtf 
.the arc AM ; and the renjaioder PA of 
the radius, the v^rfedjim. 

The perpendicular AT to the radius 
AC, teripinated by the radium CM pro- 
duced, is called the tangent ; and the line 
CT, the fecant of the arc AM. 

If the radius CB be perpendicular and 
MQ, B/, parallel to the radius CA ; then 
QM is the fine, CQ^the coline, and B^ 
the tangent of the arc BM, which is the 
complement tp AM of a quadrant. 

Note, That the fine and cofine of an 
arc AM, are the fame as the cofine and 
fine of its complement BM to that arc. 

Prop. 
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Prop. 

69. Any arc AM> being exprejfed by 
farts of the radius ; to .find its fine and 
cofine. 

If PM=a:, and x the arc AM ; then 
2;=x+4x3+Tff^5 4.^ &c. by Jrt. 56, 

when the radius is unity ; by cubing each 
iide of this equation and negleding the 
higher powers of x, we get ^j^zix^+ta:^ 
and z^^x^: now the fifft equality being 
divided by 6, and the fecond by 1 20 ; then 
when the values of x and its powers are 
wrote into that of z, we get x=Z'-iz^ + 
^i^ z^ nearly, if z be but fmall. 

Having the fine PM of an arc, its co- 
fine CP, is found by the fight angled tri- 
angle CPM : the tarrgent AT and fecant 
CT as well as the cotangent, are found by 
proportion. 

Example. 

The radius is to half the circumfcrchcc 
as unity is to 3.14:159, &c. the arc of a 
minute or one 60th part of a degree will 
be found, if half the circumference, 

5 3-Hi59^ 
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3. 141 59» &c. be divided by 60 times i to, 
or 10800; which gives .00629,0888, for 
that arc or its fine nearly : and if we 
fubtradt the fquare of this fine from the 
fquare of the radius or unity; then the 
fquare root of the difference gives 

•99999>99^' for the cofine of an arc of 
one minute. 

Prop. Fig. 24. 

70. If there be two arcs AN, AL, the 
Iqft not exceeding a quadrant ; it is required 
to find the relations between their fines and 
cofines^ and of half their difference LM. 

Let DL, PM, QN, be the fines of thofe 
arcs refpeftivcly, draw the chord LN, 
and the radius CM perpendicular to LN ; 
from the interfeflion R,. and the point N, 
draw likewife RE, NF, parallel to CA 
meeting DL in E, F : then as LR=RN^ 
we have LE=EF and FN^DC^ If the 
radius CM be unity, and the fine PMzz j : 
The fimilar triangles CMP and LFN, 
give I :«f :: 2LR : FN; orDQ=:2JXLR; 
by adding CD to both fides, then will 
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CQ==CD + 2JXLR: and fincc CD and 
ER are parallel^ we have 1 : s :: CR : 
DE=jXCR by jirt. 27. But DL, DE, 
DF or QN, are in an arithmetical pro- 
portion; that is, 2DE=PL+QN; or 
bccaufe DE=:jxCR, we get QN=:2iX 
CR— DL, by tranfpofition. 

yi. Hence, if LD paffcs thro* the 
center C, then will FN be the fine of the 
arc LN double of LM ; and the triangles 
CRL, LFN, will be fimilar ; hence 
CL (i) CR : : LN, or 2LR : FN=:2LRx 
CR. Which (hews, tAat twice the pro- 
duSi oftbejine and cofine of any arc, is equal 
to tbejine of double of that arc. 

72. If the arc LM be one minute, its 
fine LR is .00029,0888, and cofine CR, 
•99999,996, by the example above ; thefe 
values being wrote into the values of CC^ 
and QN,give CQ5:CD+2jx.oo29,o888, 
andQN=:2JX.99999,996— LD. Bymeans 
of thefe equations, the fines and cofines 
of any arc, from one minute to 30 de- 
grees, are found by one multiplication 
only. 

Example. 
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Example* 

^3. Let LD be the radius, then wilt 
the fine s or PM, be that of 89 degrees 
and 59 minutes ; that is^ <r= •999991986, 
by Art. 69 ; and by writing this value, and 
unity for DL, we get (^=.99999,9866^ 
and CQ = .00058, 1 876, for the fine and 
cofine of an arc of 89 degrees and 58 
minutes. 

The next fine and cofine are found by 
fuppofing DL the fine of 89 degrees and . 
59 minutes j and the fine PM (j) that of 
89 degrees, 58 minutes. The operations 
may be thus continued to an arc of 30 
degrees. 

74. If the arc AM be 30 degrees, then 
its fine PM {s) will be equal to 4> and 
the equations in Art. 70, become in this 
cafeQN = CR-DL,andCQ=CD+LR; 
which {hews that the fines and cofines 
of all arcs lefs than 30 degrees, may 
be found by addition and fublradion 
only. 
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pROPi Fig. 25. 

75. If from one of the acute aiigle^ C| 
in a right angled triangle CDE as center^ 
an arc AM be defcribed with iny radius 
CA> and the tangent AT as well as the 
fine PM be drawn i the right angled 
equiangular triangles give» 

icP i PM :i CA : AT :: CD : DE> 
JCiP : CM : : CA : CT : : CD X CE J 

That iSi the cofine is to the Jiney or tbi 
radius is to the tdngeni^ as the Jide next tdt 
the acute an^k is td thi oppoj^te^de. 

And, the cojine is to the radius^ or tBi 
radius is to the Jecant^ as the Jide next t& 
the acute angle is to the bypothenuje^ 

Gife ii 

76. Hkjides CDi DE, next to the right 
angk being given, to find the angle C. 

Let CD moo, and DE=:66 ; then 
CD (100) is to DE (60) as the radium 
loooco, is to the tangent 60000 of the 
lingle C I which is found by the tables to 

P bt 
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be 3od. 58m* nearly; and its complement 
to a right angle glres 59d. 2m. for the 
angle £.. 

afe II. 

77. TJke fide CD and the acute angle C 
ieing given ; to find the other fide DE. 

Let GD:noo9 and the angie C 40 de« 
grees: then the radius 100600 is to tjie 
tangent 83909 of 4od.as the fide CD (100} 
is to l3ie fide D£=::83.9. 

Cafe Iir. 

78. ^be fide CD, and the angle C beings 
given i to find the hypathemifi C£. 

Let CD:::= 100, and the angle C 40 de^*^ 
grees: then the radius iOPooo, is to the 
fecant 130540 of 4od. as CD (100) is 
to the hypothenufe C£= 130.54% 

Prop, Fig. 26. 

;r 79. In any unequal fided triangle ABC, 
where a ferpemtictdar CD is drawn to thf 
fiafi ABt the iqfe AB, is to thefism of the 
fides hCy BC; as thdr difference is to the 
fim or difference between the fegments BD, 

I AD 



AD ff tie hafe, according as the angle A i$ 
obtuje ar acute. 

From die angle C as center defcribe 
ftti an: thro' the pcnnt A, catting the bafis 
in G^ the fide BC in P^ and when pro-*^ 
duced in £; then by the property of 
the circle, Art. 36, we* have CE=:CAjj 
DA=:DG, and BA : BE :: BF : BG, or 
BA:BC+CA:: BC-CA:BD+DA. 

Prop. Fig. 27; 

8o. In any unequal fided triable ABC. 
ibefum ^f the fides BC, AC, is to their 
difference^ as the tangent of half thijum of 
the oppofite angles A, B, is ti> the tangent of 
indf their difference. ^ 

Let the fame conftrutSkion be as the laft^ 
draw AF, AE, and FG parallel to AE i 
then die external angle ACE, is .equal to 
the two internal oppoiite ones. A, B, by 
Art. 4, and double the an^e CFA 
^t the circumference, by Art. 34 ; and 
becaufe CE and CA are equal, the ang^c 
CFA or CAF, will be equal to half the 
fum of the angles A, B, and the angle 

Fa FAG 
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FAG half their difference ; becaufe when 
it is added to half the fum, it gives the 
greateft angle A, and when fubftra£fced 
from half the fum CFA, gives the leaft B^ 
by jlrt. 4. 

Now becaufe the angle FAE, is 
contained in a femi-circle, it will be a 
right angle, by jirt. 35, N". i ; AE will 
be the tangent of half the fum, and FO 
the tangent of half the difference of thoie 
angles, when FA is the radius : hence 
the parallels FG and EA give (BE : BF ; :> 
BC + CAjBC-CA ::EA:FG. 

Prop* Fig. 28. 

S 1 . J;i any triangle ABC, the Jides are 
proportional to the Jines (^ their oppojite 
angles. 

From any angle B, draw BD perpendi- 
cular to the oppoiite fide AC ; call R the 
radius, jA the fine of the angle A, and 
sC the fine of the angle C : then by Art. 
75, we get, 

jA : R :: BD: AB7jA : jC ::BC: AB, 



JjA : R :: BD: AB7jA : jC ::B 
IsC : R : : BD ; BCJ Jrt. 24- 



Cafe 
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Cafe I. 

82. two angles A, B, and one Jide AC 
^ng given ; to find the other fides. 

Let the angle A be 25 degrees, the 
angle B 80, and the fide AC=: 122 : then 
the fine 98480, of the angle B (80) is to 
the fine 42261 of the angle A (25)9 as 
the fide AC (122) is to the fide BC= 

The difference between the fum 105 of 
the angles A, B, and \ 80^ gives 'j^ degrees 
for the angle C ; hence the fine 98480 of 
the angle B (80) is to the fine 96592} 
of the angle C {j^) as the fide AC (122) 
is to the fide AB=: 1 19^6^. 

Cafe II. 

83, Hwo fides AB, BC of a triangle^ 
and one angle A, oppofite to one of the fides ^ 
being given 5 to find the other fide qnd 

angles. 

Let AB=:ioo, BC=:6o, and the angle 
A3odegrces: thenBC (60) istoAB (ioo)> 
lis the fine 50000 of the angle A (30) ip 
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to the fine 83333 of the angle C; whicl^ 
by the tables is found to be 56 degr^:s 
27 miniates. 

The difference between the fum %6d: 
27m. of the angles A^ C» and 1809 gives 
93d. 33m. for the angle B. 

Therefore the fine 50000 of the angl0 
A (30) is to the fine 99808 of th^ 
angle B> or, of its complement 86d. 2701. 
^o 180 degrees, as the fide BC (60) is to 
the fide AC= 1 19*7. 

N. B. If the angle A oppofite to the 
given fide BC is acute, and BC lefs than 
AB, it mufl be known whether the angle 
C is lefs or greater thain a right angle, 
otherwife this cafe is indetermined ; be- 
caufe the fine found of this angle is like-^ 
wife that of its complement to 180 de- 
grccs. 

Cafe in. 
84. Tnao Jides AB, AC, of a triangle. 
And the included angle A being given j fo^^ 
the other ^de and angfes. 

Let AC = 1 00, AB = 6 o, and the angle? 
(^ 53d. 48m; then by Art^ 8q, the fum 

160 
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1 60 of the fides AB^. AC> is to tlieir dif^ 
ference 40^ as the tangent 1971110 of 
63d. 6m. half the fum of the oppofite 
aiigfes B^ C, IS to tite tangent f 9277 of 
lialf their i^erence : ibis apgle is 26^,. 
I4mv hy the tables; which being adde^ 
to 63x1. 6ai. h^lf tiie fam, gives 89^* 2K>m^ 
for the greateft angle Br ai»l' being fub^ 
traded from 63d. 6m^ gives 36d^ 5201,1 
iht the leaft angle C. 

Hence^ the GxiC 99^992 of the a^gle S 
^BgcL 20m.) is to the fine 83696 of di9 
angle A (^3d, 48m«) as the fide AC (,100)^ 
is to the fide BC= 80-7, 

Cafe IV. 

< 

S5. Tie three Jdet of a triangk pek^ 
given ^ f(>Jind the angku 

Let the fide AC=:i2o» ABc;ioo> dR4 
BC=:8o5 llsen by. Art. 79, the bafe 
AC (120} is to die fum 180 of the fidet 
ABy BC, as their dtfTerpnce 2q is <o thi 
fam pt di:6ference 3:0- betweenr the icf^ 
fnents AD^ DC^ of the bafe^, accor<£Ag 
f9 thf ai^le Q i$ obtiife or acute ^ whicli 

f 4 beipg 
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being added to the bafe i20» half o| 
150 their futn gives 75 for the greated: 
ibgment AD. 

Hence^ in the right angled triangle 
ADB, the fide AD (75) is to the hypo- 
tjhenufe AB (100) as the radius 1 00000, 
is to the fecant 133333 of the angle A* 
which by the tables is 41 degrees 25 
minutes/ 

And EC (80) is to AB (100) as the 
fine 66153 of the angle A (4id.25m.) is to 
the fine 82691 of the angle C; which is 
55 degrees 47 minutes: and the difference 
between the fum 97d. 12m. of the an-r 
gles A, G, and i8od. gives 82 degrees 
and 48 minutes for the angle B. 

Thefi^ are all the common cafes that 
can happen in the application of Trigo-? 
nometry, to the finding heights and di« 
fiances^ to furveying and to the determin-- 
ing the angles and lines of a Fortification. 
In all thefe cafes^ it requires no more 
than to meafure a bafe upon the ground, 
^nd to take the adjacent angles with an 
inftrument ; the reft is found ^y one oi 
^thei of the cafes ^bove. 

MOTION, 



Mothn. f W 

1^ O T I O N. 

Definitions. 

Motion is a continual change of places. 

Velocity is that affedtion of motidn^ by 
which a body moves over more or lefi 
ipace in equal times. 

Uniform motion| is when a body movea 
over equal fpaces in equal times. 

Accelerated motion, is vrhen the velq- 
jcity continually increafes^ and retarded^ 
when it continually decreafes. 

Momentum, or cjuantitv of nfotion, i$ 
the power pr force, by which a moving 
body il;;rikes another body at reft^ pr any 
impediment thaf oppofes its motion. 

Abfolute motion, is the change upoa 
immoveable places ; and relative th^ 
i:hange upon moveable places. 

A X I O M^ 

EfFeds are always proportional to their 
adequate caufes, that is, a force double 
produces an tSk^ double ; a triple^ 
friple, &c, 

UNI- 



UNIFORM MOTION, 

86. Spaces mnted cfoer ^itb . an uniform 
motumf are as the times employed. 

For a body moves over equal ipaces in 
equal times^ by definition ; it will move 
over twice the fpace in twice the ^ime^ 
three times the ipace in triple the timc;^ 
and fb on ; that is, the fpaces moved over 
are . always in proportion to the time 
etapfed during the motion. 

87. Spaces moved over uniformly in equal 
times, are as the velocities. 

For a body wilt in the fame time movet 
over twice the fpace with a double velo- 
city, thrice the fpace with a triple velo-?* 
city, and fo on j that i's, the fpaces move4 
over, win always be in proportion to th^ 
velocities. 

88. Spaces moved over uniformfy^ are 04 
the times and velocities co^intfy. 

For £ince fyaces moved aver untforiaily^ 
are as the times wkea the velocities are 
pgual, aiid are ^ the Y#ocitics when the 

• 1 1*™ > IV 



tifli€3 ^rt equal ; but when ndtlier ^ 
times nor velocities are eqcral, they will 
of confeqnence be as the timejr and vek^ 
f:ities conjointly. 



COMPOUND MOTION^ 

« 

AXIOM. 

Whatever motion, or change of mOf 
tion is produced in a body^ it will be 
proportional to, and in the diredion cf 
the force imprefied^r 

Prop. Fig. 29. 

89. D^ a iodjf be urged by two forces st 
the fame time, in the dire&ion of, and pro* 
portioTud to the fides of a parattehgram i if 
n»iU by this compound motion move oveir tbt 
£agonaL 

For while the force imprefl<^ in the 
direction AB, caufes the body to movf 
from A towards B, the force imprc0ied in 
the di|:e^oi^ AC« w^ caufe ^ body 

"* "" " * ' to 



7* Compound Mottonl 

to move from A towards C; but the ipace 
moved over in the dircfition AB is to the 
fyzct moved over in the diredion AC^ 
as the force impreffed in the diredlion AB, 
is to the force impreffed in the dirediion 
AC, by the laft axiom. If from any point 
E in AB, a line be drawn parallel to AC, 
meeting the diagonal in F ; then becaufe 
AB : AC or BD : : AE : EF, by Art. 27.^ 
the (pace moved over in the diredlion AB, 
is to the fpace moved over in the direftion 
AC, as AE is to EF 5 it is evident that if 
'AE reprefents the fpace moved over, in 
any time, in the dire(ilion AB, then will 
EF reprefent the fpace moved over at the 
fame time in the diredion AC; and fo 
the body by this compound motion, will 
be jn the diagonal AD ; and as this al-» 
ways happens in every particle or inftant, 
of time from the beginning of the mo- 
tion ; the body, therefore, has moved ia 
the diagonal from the beginning, and 
was never out of it. 

90. Hence, the body moves over the 
diagonal by the joint forces at the fam? 



Compound Motion. 77 

time» that it would have moved over the 
fide AB or AC by the fingle force ading 
in that direflion. 

9 1 . From hence^ a fingle force acting 
in, and proportional to the diagonal AD, 
would caufe the body to move over that 
line in the fame time, that the force AB 
or AC, would move over the fide AB or 
AC. 

Fig. 30. 

92. If from the oppofite angles B, C, 
the lines B£» CF, are drawn perpendi«- 
cular to the diagonal AD ; the force im« 
prefied by AB, in the direction of the 
diagonal AD, will be ^xprefied by AE s 
and the force impreiTed by AC, in the di« 
redtion of the diagonal, by AF. For if 
the parallelograms EH, FG, are com-* 
pleated; the force imprefled by the di- 
agonal AB, in the direction AD, is by 
Art. 89, expreffcd by AE, and for the 
fame reafon, the force imprefied by the 
diagonal AC, in the diredion AD, is ex- 
prefTed by AF : and as AB, CD, are equal 
and parallel, the right angled equiangular 

I triangles 




^S: Motion 9m^rmfy accelerate J. 

trian^es ABE, DCF» are equal in alt 
xefpcAsi diatis, AE=:DF,aiKlBE=CF: 
And fince the forces exprefled by BE, 
CF, or AH, AG, are equal, and adt in 
^ppofite diroftions, they deftroy each other 2 
diereifore the forces AF and AE, or their 
-equal AD, will be that by which the 
remaining fbrpes of AB, AQ ad in tb4 
direction of the diagonal AD. 

93. Hence, if ever fo many forces aft 
upon the fame body in different direftions^ 
fhe direftion in which the body is com* 
pelled to move, and the refulting force 
in that diredion may diways be deter^i^ 



For let the force, Fig* 31, exprefled 
by AB, ad in that diredion ; to find the 
part w'hich urges the body to move in a 
given diredion BC: draw AD perpen- 
dicular to BC produced : then will DB^ 
ejcprefs tliat force, by jirt. 92. 

MOTION Uniformly Accelerated^ 

Notwifrhflandkig that gravity adis dif«- 
ferently at different diflances from the 

center 
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^ahn umfi^rmiy kcekrMeJL 7^ 

erater of the earthy yet» as the jdifTcf^nce 
is very fmall near the fame point of the 
iurface, it is con&dered as conftant ia 
wliat follows. 

Pjiop, Fig. 3a, 

94. Jf u baJ^ begins to fall freeiy fr$m 
r^9 // wUl acquire velocities fr^ortional t§ 
the times elaffod from the hegitmif^ rf ti€ 
fM. 

Suppofe the time, divided isto v!ery 
fmall equal particles or inftants ; then at 
in each Uibnt the force of gravi^ makes 
equal imprcffions on the body by ibppo^ 
fition^ whatever force the body receives m 
the firft inftant, it muft receive as mttch 
in any otber i and iwce the imprefiiont 
remain^ the i^ocity acqisired in the firfi: 
inflant^ will be doubled in the fbcond, 
tripled in the thirds quadrupled in tl» 
Ibairdb, and b on contlnaally thro' every 
inftant of the faH : getting afide the re^ 
fiftance ; the vdocity of a falling body 

£rom tt% will cooftaatly increafe in pro<» 

portioa 



So Mbtioh uniformly accd&afe^. . 

portion to the time elapfed from the be* 
ginning of the falL 

95. Hence^ if the line AB exprefTes the 
time of the fall, BC, perpendicular to AB 
the velocity acquired in that - time : by 
joining AC, and from any p6int D in AB^ 
the line DE being drawn parallel to BC ; 
then will DE exprefs the velocity acquired 
in the time AD : For by the equiangular 
triangles ABC, ADE, the time AB is to 
the time AD, as the velocity BC is to 
the vclbcity DE. 

96. Spaces defcended through by a hoify 
falling freely Jrom reftf, are as the times and 

velocities conjointly. 

Let the time AB be divided iiito very 
fmall equal particles, or inftants : then 
becaufe the velocities, in thefe very fmall 
inftants of times, may |;>e confidered as 
conftant, fb that the ipaces defcended 
through in thefe inftants, will b^ as the 
times and velocities, by Art. 88 : and 
the fum of all the redtangles, made by 
the times and velocities, will be as the. 
Ipace defcribed by the body from the 

beginning 



Motion uniformfy accelerated. 8 1 

beginning of the fall ; and when their 
common difference vanifhes^ the area of 
the triangle ABC, will, by Art. 45, be as 
the ipace defcribed during the time AB. 

97. Hence^ if the time AB=/, the ve- 
locity BC=i;, and the fpace defcended 
thro' x'^ then the triangle ABC will be 
equal to ivt:=:z, or 2zt=ivti and as the 
time AB {t) is to the velocity BC {y) in 
a conftant ratio, by Art. 94 ; let this ra- 
tio be as unity to^; then v:=^pt. Now 
if we expel / by means of thefe two equa- 
tions^ we get 2pz'=iWf and expelling v^ 
then 2zzzptt. Confequently, the (pace 
defcended thro* is, by the equation 25Ji=^f, 
as the time and velocity; by 2pzzzvv, as 
thefquare of the velocity ; and by 2z=ptt, 
as the fquare of the time. 
. 98. Hence, if the time /, be one fe- 
cond, the equation 2z=ptt, gives 2zz=^pi 
Which (hews tJbat p exprejjes double tb^ 
height fallen thro' in the jirjl fecond. 

N. B. It has been found by experi- 
ments, that a body falls thro* a fpace of 
1 6. 1 feet in the firft fecond, in the lati- 
tude 5 id. 32m. of London; therefore, 

G /= 



fz=.^z.% feet m lliis phce; and fiooi 
bence^ all the cii£e8 of faBiog bodies maxj 
be iblved. 

Example* y the time rf afMng Body 
ir ^Jtcmds^ to find thejpace Je/cended. 

Hence /=4> /i=:32.2, and (6 zz^pft 
gives 2:2= 32.2 X 16, or kiz 257.6 feet. 

^ the Jpace ^cmded tbrougb be 144*9 
feet 9 to Jiad the time g^ itsfalL 

The equation 22 'ZLptt^ gives & K 1 44.^ =c 
32.3 X//« or 9=:/f, an4 1'=^*^ fcconds. 

1^ the /pace d^bended tirough be xh 10 
feet 9 t4^ find tSe vehdiy aepiired. 

The equation zs^^v^f gives 10368::$ 
^Vi whoie root givies 'z;:;=322 feet; that 
is, this velocity vviU carrjr a Irady ov;6r 
a r|>ace of 32a £det in a focoiad^ if unlf- 
formly continued* 

. 99* If therei^cttiglc BF he oompleted^ 
the fpace moved ever uniformly with the 
velocity AF or BC> acquired by a failing 
body in the time A6, will be as the re^«* 
angle BF, hy Art. 88; that is, it will 
be double the ipace ABC defcanded 
through by a £^Hng body in ibe fan^ 
time. 

Prop* 
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M<aiM ungformfy aecekrated. 3^ 

Prop. Fig. 32. 

too. If a bodf he tbr&wn ufwarJb nmik 
4 velocity acquired in the fcdl from any height^ 
ft will rife to the fame height f and in the 
fame time (f its fall. 

For fincc the a^ftion of gravity is con-* 
Aant and uniform^ in whatever time it 
generates any velocity in a falling body, 
it muft dcftroy in a rifing body the faoie 
velocity, by its a<5ling in a contrary dt«» 
redion. If then the time AB of the 
fall be divided into any number of fmali 
equal particles or inflants; then what- 
ever velocity is ^acquired in the fall, it 
will be deftroyed in the rifing body in the 
iame time : and therefore, when the 
body is rifen to the fame height, front 
which the body had fallen, the whole 
velocity acquired in that fall has been 
deftroyed in the rifing body in the fame 
time. 

101. All bodies falling from rejl^ acquire 
(he fame velocity in the fame time^ 

For if two bodies, one double the 
weight of the other, are let fall together j 
then as the heavieft may be divided into 

G z^ two. 



84 PryeBUes. 

XvfOf each tc^^X to the lighted^ thefe three 
equal bodies will defcend thro' equal fpaces 
in equal times : but as gravity a£ts upon 
the particles of matter with the fame 
force, whether they are joined together 
or not; thefe two bodies will defcend 
through equal fpaces in equal times. If 
two bodies are in any proportion in re-r 
fpefl: to their weight : the heavieft may 
be divided in the fame proportion, and 
gravity will a<9: alike upon the parts, 
whether they arc joined together or not 2 
therefore all bodies defcend thro' equal 
Ipaces in equal times. 

This has been proved by experiments^ 
for a feather falls as faft as -gold in aa 
cxhaufled receiver, 

PROJECTILES. 

Notwithftanding that the refiftancc of 
the air ads very ftrongly upon moving 
bodies, yet as its eftimation is fo very 
difficult, that it will hardly ever be ufeful 
in pradice, we fhall here treat only of 
thofe in a^ medium void of all refinance, 

5 Pnop, 
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Prop. Fig. 33. 

102. If a body be projeSled from a point 
A, in a given direction AT, with a given 
velocity 5 // •// required to find the curve de^ 
fisribed by the body. 

At the fame time that the body is car- 
ried uniformly in the direftion AT, from 
A to G, N, T, with the given velocity, 
it v^rill defcend through the fpaces GF, 
NM, TK, by the forge of gravity. 
Let the given velocity be - - - c 
The velocity in the curve at M - v 
The time of d?fcribing the arc AM * 
. The fine of the angle BAG - - . s 
The cofine of that angle - - - a 
The bafe AP - - ^ ^ . . ;a 
The perpendicular PM " " " J^ 
The fpace AN defcribed unifprmly, is 
as the time and velocity, that is, cty by 
Art. 88 \ and the radius i is to the cofine 
n^ as AN or ct is to AP =x=cnt; again, 
the cofine n is to the fine s, as AP to 

PN = — : and becaufe the fpaces defcended 

thro' by falling bodies from reft, are as 
. the fquares of the timcs;^ by Art. 97, the 

f^uarc 



9^ Pn^^^ 

(quare of one fecond is to the fquare tf^ 
as ip' the fpace dc&eitded tkroQgb in a 
ikcond, by j4rt. 98^ W to the fpao6 
NM=-i//^9 dticeaddd thro-' in / feconds; 
and fince PN — NM =: FM, We get jr=; 

If /» denotes the height defcended thro'' 
by a fallen body, fo as to acquire the 
given velocity c, then 2mp=cc, hyjirt. 97 > 
by writing the values of cc and tt into 

the value of jr, we get jf -'1-^ for 

die e^aaticn of the curve required. 

1 03 . Hence, if the pro^edion is hor 1^ 
flontaU ^e fine s of the angle of eleva^ 
tion becomes o, and y becomes negative, 

dud therefore jjr=:—jj, will be the equa- 
tion of the curve in this cafe» 

104. If^=0j> then will AIC= AT ziij^ttw, 
and by Art. 7 1 » 2ns exprefles the fine of 
an angle double the angle of elevation. 

105. Henqe, the horizontal ranges with 
the fame projedlile velocity im^ arc as the 
&iei^ 2nsp of ^ngle$ double thofe of ele-» 
traftoiTt 

106, If 



106. If the angle of devation fee 45 
^degrees, the fine of 90 its double feeifig 
unity, ^Siews that the range is l3ie greateft 
pd&ble with the &nie proje6hle velo- 

io7« Henclfc, fince 2m:n i, the hori*- 
sontol rawge AHL—j^mm, heoomes :=i2m9 
that is, tivice the height through which a 
falling body acqwi«6 the prc^eflile vple^ 
city: And fince the fpaces defcended 
thrx)n|;h by falling hodies;, are a$ tbp 
fquares of the times, by Art. 97, it fol- 
Jowfi^ that the horizontal ranges, wlien 
the angle of elevation is 45 degrees, aire 
^s the fqi«a»s of the times of the bodies 
lights. 

id8« If the ang^ 0^ elevation as 15 
4egrees^ the fine of 30 its double will be 
equal to half the radius : therefore the 
I'ange at that elevation will be half the 
range, when the elevation is 45 degrees^ 
iwith the fame pcojeifliie velocity. 

1 09. There are twp anglqs of devatiaa, 
the one as much above 45 degrees, m^ the 
athea: is below^ which will thirow the 
hody to the fame diftance with lihe fame 

5 pro- 
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S8 Geomefficdt ConftruSiion. 

projedtile velocity : becaufe the fine s in 
one cafe becomes the cofine in the other^ 
and the coline n becomes the fine* 

no. Since y or PM becomes o, at A 
and K ; there mud be one value of y 
greater than the reft, which, by Art. 57, 
is found to be when x — zmns ; that is 
when AB=:BK, by Art. 109 : and the 
perpendicular 6F will be mss. 

Geometrical Construction. 

112. On AK eretl AL perpendicular, 
and equal to the height from which a 
falling body acquires the projcdlile ve- 
locity; defcribe the femi-circumfcrence 
AEL of a circle, interfering the given 
direftion AT in E, draw ED perpendi- 
cular to AK : then if AK is made equal 
to 4AD, the point K will determine the 
horizontal range. 

For the right angled triangles ADE, 
.LEA, having the angles at A and L equal, 
by Art. 35, N\ 2, they are equiangular; 
hence the radius i is to the fine s, is 
LA m is to AE =msi and the radius i 

is 
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Geometrical ConJiruBim. 89 

is to the cofine riy as AE» ms^ is to AD = 
nms\ and 4««rj=:AK, by Art. 104. 

When the height LA, and the hori- 
zontal range AK are given, by taking AD 
equal to one fourth of AK, the perpen* 
dicular DE to AK, will cut the circum- 
ference in the point E, through which 
the line of direftion is to be drawn. 

If the line DE cuts the circumference 
in two points E, ^, there will be two an- 
gles of elevations EAD, ^AD, one as 
much above as the other is below the 
angle of 45 degrees, which will determine 
the fame horizontal range: if the line 
DE only touches the circle, the angle of 
elevation will be 45 degrees, and gives 
the greateft range : but if that line nei- 
ther touches nor cuts the circle, the prob- 
lem is impoflible with the fame projectile 
force. 

113. If the objeft is above or below 
the battery as at M, draw AM, and call 
the tangent of the angle PAM, q j then 
will the radius i be to that tangent q as 
AP, ^, is to PM, y'='qxi and this value 

H y 
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y wrote into the equation jy=: -* ^ gives 

+ ^ — - — r^^« i»r if If fee -tbc tangent^ 
and r the fecant of the angle of elevation^ 
then will azz^^ and r=: -by trigonome*-' 

try, an4 ^b« laft efyaUoa foecon>es x^ 

/ 

a + q X — *^ *t^ ^^» The uppw fign 

of f is to be ufed when the objedl is above 
the level of the battery, and the under 
one when below. 

Pradical Rules for Horis^ntal Ranges » 

I. ^ the range of a body proje^ed at an 
angk of 1^ degrees be 200 yards ^ what will 
be the range, if the body be projected 'with 
the fame force at an angk (f ^o degreesi 

The fine of 50 degrees double of 2^, 
is 76604, and the fine of 60 degrees 
double of 30, is 866025 then becaufe 
the horizontal ranges are as the iines of 
angles dotible thofe of elevations, jirt. 10 ^9 
• we get 76604 : 66602 : : 200 : 22t5 yards 
ibr the range required. 
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■ 

II. ^ the raf^ qf ^ body ^roje^^d at 
20 degrees of elevation^ is 200 yards, what 
mufl the angle of eievation bf to carry the 
body to a diftance of 300 yards. 

As the £ne of 40 degrees double of 20 
is .64278; we get by the fame artiqic 
200 : 300 :: 64278 : 96417= to theiin^ 
of the angle domble that reqaked, .which 
£ne anfwers to an angle of 74 degrees^ 
^7 minutes* whofe half gives 37 degrees 
J 8.5 nxiwtes for the requiwd one. 

III. heit tie lime of a io(fy projeSied at an 
angle (f 4.5 degrees f be iz feconds^ it is re- 
quired to find the horizontal range. 

Becauie thefe ranges aire as the fquares 
of the times, hy -^rt. 108; we have 
the fquare of one iecond, to the fquare 
J 44 of 12 ieconds, as the ^ace 16.1 feet 
.defcended thro' in one fecpnd^ is to the 
horizontal range ^3 1-8-4 ^^'> ^ 77^-8 
yards. 

IV. Let the angle PAM, by nphich the 
ohjeB M ir abow or ielona the ievel AK of 
the battery, be 5 degrees, and the angle of 
elevation ^x^ degrees, to find the point M, 
mshen the height m is ^oo yards. 

We 
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92 Praffica/Ruks /or Horizontal Ranges. 

We hzYt x=a + qx^, by^r/. 113^ 

i7z:i. 00000, y=: .08749, rr=: 2, and ^ — 
^=.91251, when theobjcdl is above the 

level : hence ^ zz 600, and this num- 

rr 

ber multiplied by .91251, gives x= 547.5 
yards, andj^=:5'X=i47.9 yards. 

If the objeft is placed 5 degrees below 
the level of the battery, and the reft the 
fame as before ; then a + q = 1.08749^ 
and this number multiplied by 600, gives 
a; ==652.5 yards, and ^=57 yards. 

Thefe are all the cafes that can happen 
in praftice; but it will be moft convenient 
to make the firft tryal with an angle of 
15 degrees elevation, in order to know, 
whether the quantity of powder ufed, 
will carry the body to the propofed di- 
ftance, which can never exceed twice the 
range found by the trial. 
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